Geometry of rough damping

Perry Kleinhenz

If you have any ideas or questions about this, please feel free to email me at pbklein@ilstu.edu
Let T2 = [~7,m)?/ ~ be the flat 2-torus. Let

D= {(z,y) € T? : 2® + > < 1}.

Question 1. Suppose W(z,y) = 1p(x,y), prove that there exists C, A9 > 0 such that for
A € R,|A] > Ag we have

(= + W =A%) 71|, < CAS.

Conversely, produce a sequence of quasimodes u; € H?(T?),\; € R with |\j| — oo such
that for some C' > 0
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1 Background

The context of this question is energy decay rates for the damped wave equation on the
two-torus. For W € L®(T?), the damped wave equation is

(1)

(02 —A+Wo)u=0, (z,t)eT?xR
(u, Opu)|t=0 = (uo,u1) € H?(T?) x H(T?).

The energy of a solution is given by
1
Blu,t) = / Ouf? + [Vuld.
2 Jm

The energy is non-increasing, so it is natural to ask for a rate 7(t) — 0 such that E(u,t)'/? <
r(t) for all solutions u.Energy decay rates can be proved via resolvent estimates for the
associated stationary damped wave operator (—A +iAW — \2) via the following semigroup
theory result.

Theorem 1.1. [BT10/[AL14, Proposition 2.4] The following are equivalent:



1. For all solutions of (1)
1
E(u,t)"/? < 7o (uoll gz + [lua]l ) -
2. There exist C' > 0, \g > 0 such that
(A + AW = A3)7| oo S CIA[aY, for all A € R, |A] = Ao
On the two-torus, when W is not identically zero, energy decay at a polynomial rate is
guaranteed.
Theorem 1.2. [AL1/, Theorem 2.3] If W # 0, then for all solutions of (1)
E(u, )" <712 (|[uo | g2 + [[ur ][ 1)
Equivalently, there exists C, Ao > 0 such that for all X € R with |A\| > Ao we have
[[(=A+ iAW = X) 7|, < O

From this theorem we know that the resolvent estimate in the open problem holds with
v < 1. If W is assumed to have additional structure then we can improve the energy decay
rate.

Theorem 1.3. [AL14, Appendiz B] and [Stal7]. If W(x,y) = 1jy<s(2) then for all
solutions of (1)

E(u, )2 < 72 (|Juol | g2 + lluall )

Furthermore this decay rate is sharp, that is there are solutions decaying no faster than
this rate.
Equivalently, there ezists C, Ao > 0 such that for all A € R with |\| > Ao we have

[(=A + iAW = N) 7], < AV,
and there are quasimodes saturating this resolvent bound.

From this we would expect that the resolvent estimate in the open problem holds with
v < 1/2, but even that is actually not known!
When the damping is assumed to be more regular, there is an even greater improvement.

Theorem 1.4. [Kle19], [DK20], [KW26]. If W (z,y) = (|z| — J)f_ with > —1, then for
all solutions of (1)

g1
E(u,0)"? <7553 (|[uol| g2 + [[wr]]p1) -

Furthermore this decay rate is sharp, that is there are solutions decaying no faster than
this rate.

Equivalently, there exists C, Ao > 0 such that for all A € R with |\| > Ao we have
(A + iAW — N7 |, < CAFE,

and there are quasimodes saturating this resolvent bound.



The results in Theorem 1.3 and 1.4 both assume that the damping is supported on a
strip. If we replace the strip by a disk, as in the statement of the open problem, then there
is an improvement to the energy decay rate.

Theorem 1.5. [Sun23] Let r = /22 +y2, if W(z,y) = (1 — )P, for 3 > 9 then for all
solutions of (1)

_1++
E(u, )2 <t #55% (Jfug| | g2 + || 1)

Furthermore this decay rate is sharp, that is there are solutions decaying no faster than
this rate.
Equivalently, there exists C, Ao > 0 such that for all X € R with |A\| > \g we have

1
[[(=A+ iAW = X) 7] o < CAPF2#2,
and there are quasimodes saturating this resolvent bound.

So the open problem is exactly con81der1ng thls type of damping with 8 = 0. The

anticipated sharp value for « is m 5 5.

2 Further questions

It’s natural to look at the improvement from strips to disks and wonder if one can interpo-
late between the two. Indeed one can for very regular dampings, i.e. 8 > 9 which has been
done in [Kle25, Section 6], [DKP25], and [AK26]. If you can find a way to obtain resolvent
estimates when the damping is 1p(x,y) then it would be reasonable to try to extend this
to superellipses

By ={(z,y) € Tt Jz[" + [y|" < 1},
so W(z,y) = 1g, (z,y) for some n > 0. Then We anticipate that 3 is replaced in the energy

decay rates/resolvent estimates by mmfn ) + =
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