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If you have any ideas or questions about this, please feel free to email me at pbklein@ilstu.edu
Let T2 = [−π, π)2/ ∼ be the flat 2-torus. Let

D = {(x, y) ∈ T2 : x2 + y2 ≤ 1}.

Question 1. Suppose W (x, y) = 1D(x, y), prove that there exists C, λ0 > 0 such that for
λ ∈ R, |λ| ≥ λ0 we have ∣∣∣∣(−∆+ iλW − λ2)−1

∣∣∣∣
L2 ≤ Cλ

2
5 .

Conversely, produce a sequence of quasimodes uj ∈ H2(T2), λj ∈ R with |λj | → ∞ such
that for some C > 0 ∣∣∣∣(−∆+ iλjW − λ2

j )
−1

∣∣∣∣
L2 ≤ Cλ

− 2
5

j ||uj ||L2 .

1 Background

The context of this question is energy decay rates for the damped wave equation on the
two-torus. For W ∈ L∞(T2), the damped wave equation is{

(∂2
t −∆+W∂t)u = 0, (x, t) ∈ T2 × R

(u, ∂tu)|t=0 = (u0, u1) ∈ H2(T2)×H1(T2).
(1)

The energy of a solution is given by

E(u, t) =
1

2

∫
M

|∂tu|2 + |∇u|2dx.

The energy is non-increasing, so it is natural to ask for a rate r(t) → 0 such that E(u, t)1/2 ≤
r(t) for all solutions u.Energy decay rates can be proved via resolvent estimates for the
associated stationary damped wave operator (−∆+ iλW −λ2) via the following semigroup
theory result.

Theorem 1.1. [BT10][AL14, Proposition 2.4] The following are equivalent:
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1. For all solutions of (1)

E(u, t)1/2 ≤ 1

tα
(||u0||H2 + ||u1||H1) .

2. There exist C > 0, λ0 ≥ 0 such that∣∣∣∣(−∆+ iλW − λ2)−1
∣∣∣∣
L2→L2 ≤ C|λ|

1
α
−1, for all λ ∈ R, |λ| ≥ λ0.

On the two-torus, when W is not identically zero, energy decay at a polynomial rate is
guaranteed.

Theorem 1.2. [AL14, Theorem 2.3] If W ̸≡ 0, then for all solutions of (1)

E(u, t)1/2 ≤ t−1/2 (||u0||H2 + ||u1||H1) .

Equivalently, there exists C, λ0 > 0 such that for all λ ∈ R with |λ| ≥ λ0 we have∣∣∣∣(−∆+ iλW − λ)−1
∣∣∣∣
L2 ≤ Cλ.

From this theorem we know that the resolvent estimate in the open problem holds with
γ ≤ 1. If W is assumed to have additional structure then we can improve the energy decay
rate.

Theorem 1.3. [AL14, Appendix B] and [Sta17]. If W (x, y) = 1|x|<σ(x) then for all
solutions of (1)

E(u, t)1/2 ≤ t−2/3 (||u0||H2 + ||u1||H1) .

Furthermore this decay rate is sharp, that is there are solutions decaying no faster than
this rate.

Equivalently, there exists C, λ0 > 0 such that for all λ ∈ R with |λ| ≥ λ0 we have∣∣∣∣(−∆+ iλW − λ)−1
∣∣∣∣
L2 ≤ Cλ1/2,

and there are quasimodes saturating this resolvent bound.

From this we would expect that the resolvent estimate in the open problem holds with
γ ≤ 1/2, but even that is actually not known!

When the damping is assumed to be more regular, there is an even greater improvement.

Theorem 1.4. [Kle19], [DK20], [KW26]. If W (x, y) = (|x| − σ)β+ with β > −1, then for
all solutions of (1)

E(u, t)1/2 ≤ t
−1+ 1

β+3 (||u0||H2 + ||u1||H1) .

Furthermore this decay rate is sharp, that is there are solutions decaying no faster than
this rate.

Equivalently, there exists C, λ0 > 0 such that for all λ ∈ R with |λ| ≥ λ0 we have∣∣∣∣(−∆+ iλW − λ)−1
∣∣∣∣
L2 ≤ Cλ

1
β+2 ,

and there are quasimodes saturating this resolvent bound.
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The results in Theorem 1.3 and 1.4 both assume that the damping is supported on a
strip. If we replace the strip by a disk, as in the statement of the open problem, then there
is an improvement to the energy decay rate.

Theorem 1.5. [Sun23] Let r =
√

x2 + y2, if W (x, y) = (1 − r)β, for β ≥ 9 then for all
solutions of (1)

E(u, t)1/2 ≤ t
−1+ 1

β+1
2+3 (||u0||H2 + ||u1||H1) .

Furthermore this decay rate is sharp, that is there are solutions decaying no faster than
this rate.

Equivalently, there exists C, λ0 > 0 such that for all λ ∈ R with |λ| ≥ λ0 we have

∣∣∣∣(−∆+ iλW − λ)−1
∣∣∣∣
L2 ≤ Cλ

1

β+1
2+2 ,

and there are quasimodes saturating this resolvent bound.

So the open problem is exactly considering this type of damping with β = 0. The
anticipated sharp value for γ is 1

β+1/2+2 = 1
2.5 = 2

5 .

2 Further questions

It’s natural to look at the improvement from strips to disks and wonder if one can interpo-
late between the two. Indeed one can for very regular dampings, i.e. β ≥ 9 which has been
done in [Kle25, Section 6], [DKP25], and [AK26]. If you can find a way to obtain resolvent
estimates when the damping is 1D(x, y) then it would be reasonable to try to extend this
to superellipses

En = {(x, y) ∈ T2 : |x|n + |y|n ≤ 1},
so W (x, y) = 1En(x, y) for some n > 0. Then we anticipate that β is replaced in the energy

decay rates/resolvent estimates by β
min(n,1) +

1
n .
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[AL14] N. Anantharaman and M. Léautaud. Sharp polynomial decay rates for the damped wave equation
on the torus. Anal. PDE, 7(1):159–214, 2014. With an appendix by S. Nonnenmacher.

[BT10] A. Borichev and Y. Tomilov. Optimal polynomial decay of functions and operator semigroups.
Mathematische Annalen, 347(2):455–478, 2010.

[DK20] K. Datchev and P. Kleinhenz. Sharp polynomial decay rates for the damped wave equation with
hölder-like damping. Proceedings of the American Mathematical Society, 148(8):3417–3425, 2020.

[DKP25] Kiril Datchev, Perry Kleinhenz, and Antoine Prouff. Geometry of wave damping on the torus.
arXiv preprint arXiv:2509.05239, 2025.

3



[Kle19] P. Kleinhenz. Stabilization Rates for the Damped Wave Equation with Hölder-Regular Damping.
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