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0 Introduction

The goal of the course is to acquaint students with classical notions of curves and surfaces
in Euclidean spaces as well as with some modern aspects of Riemannian manifolds. The
ultimate objective is to understand the geometric meaning of curvature and its intimate
relationship to topology. The student will learn the basic apparatus of differential geometry
suitable for further study of modern parts of mathematics and mathematical physics.

The course is mostly based on Klingenberg’s textbook [4] as well as do Carmo’s [2]. For a
deeper understanding of differential geometry, I recommend Spivak’s volumes [12] [10, [8, 9]
11].

Here we point out some special convention that we use.

Natural numbers contain zero, i.e., N:={0,1,2,...}. N*:= N\ {0}.
e Given z,y € R, |z| and z - y denote the Euclidean norm and inner product, respectively.
e / C Ris an interval (in general, bounded or unbounded; open, closed or semi-open).

A° denotes the interior of a set A.
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1 Curves

1.1 Inertia or straight lines

Let R? be the Euclidean space of dimension d > 1. The simplest curve in R? is the straight
line. Parametrically, it can be realised as the image of the mapping

R =R {t— (£,0,...,0)}. (1.1)

See Figure [[Tl for a planer realisation.

Figure 1.1: A straight line in the plane realised as the image of vy, vs, 73 with d = 2.

It is customary to think of the curve as the trajectory of a traveller in R%. Then ~,(t), 7| (¢)
and ~{(t) are respectively his position, velocity and acceleration at time ¢ € R. Another
mapping

Yo i R = R%: {t + (2,0,...,0)}
gives the same image, but the speed of the second traveller is twice the velocity of the first
traveller. Therefore it is useful to keep the information of parameterisation. Indeed, yet

another mapping
73 R =R {t— (£2,0,...,0)}

still copies the trajectory of the first and second travellers, but his velocity is highly non-
linear. What is more, while the accelerations of the first and second travellers are identically
zero (|77 (t)] = 0 = |44(t)| for all times t), the acceleration of the third traveller actually
diverges (|74 (t)| = 6|t|] — oo as t — £o0).

If d > 2, it is also possible to consider

v R = RY:{t e 25(8,4,0,...,0)}, (1.2)

which realises a straight-line traveller of the same (unit) speed as the first one, but with the
straight-line trajectory rotated by 45 degrees. See Figure for a planer realisation. The
acceleration of the fourth traveller is also zero (|4 (¢)| = 0 for all times ).

Figure 1.2: A straight line in the plane realised as the image of 4 with d = 2.

In general, inspired by Newton’s first law of classical mechanics (the principle of inertia),
we see that the acceleration is the right measure of curvature for constant-speed travellers
on a straight line. More specifically, with the presence of no forces, the traveller remains at
rest or in motion at a constant speed on a straight line.

For later purposes, we formalise a straight line in R? to be the mapping v : I — RY, where

I C R is an interval and (t) := at + b with a,b € R? being constant vectors.
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1.2 Forces or general curves

A curve is a deformation of the straight line. Continuing with the mechanical interpretation,
the motion of the traveller is deformed by the force impressed.

In general, given an open interval I C R, any continuous mapping v : I — R? is called
a curve. However, the continuity is a very weak requirement in this geometric context.
Indeed, fractal curves can be of a higher dimension than one (e.g., the Brownian motion
in R? with d > 2 has a fractal dimension of 2). What is more, there exist space-filling curves
(i.e., their image reaches every point in R?). In order to avoid these pathological situations,
the notion of differentiability comes into the play.

Definition 1.1. A curve is a smooth map ~ : I — R%

By a smooth (or differentiable) map we always mean infinitely smooth, i.e. v € C*(I).

If the interval I is not open, we still say that v : I — R? is a curve, provided that the
mapping 7 is a restriction of a curve 7. More specifically, there exists an open interval I D [
and a curve 7 : [ — R? such that J|; = 7.

Of course, the parameterisation i, vs, 73, 74 of straight lines from the previous subsection
are curves in the sense of Definition [Tl Curved scenarios vs, vg, 77 are given in Figure [L.3
In particular, the smoothness of v7 is gained by a suitable reparameterisation of the non-
smooth mapping ¢ (the images of v and 7 coincide). In other words, slowing down
the speed of the traveller to zero velocity at the corner of the image will make him move
smoothly despite the sharp turning. The function ¢g : R — R by itself is a curve in R.

5(t) = (¢, 9(t))

Y6(t) == (¢, [t]) Y2 (t) == (9(t),9(t)])
~5 is smooth 76 is not smooth ~7 is smooth
5 is a curve 6 is not a curve ~7 is a curve
5 is regular 77 is not regular

—e 7 st <0,
Figure 1.3: Mappings v : R — R?: {t — (t)} with g(¢) :==< 0 St=0,

=2

e sSt>0.

The image of the (smooth) curve 7 from Figure [[.3] is apparently not a “smooth line”
according to our daily experience. To avoid these situations, we say that the curve v of
Definition [[LIlis regular if

Vtel, A'(t)#D0.
That is, v is regular if, and only if, the traveller is never at rest. The curve 75 from Figure [[.3]

is regular, while 77 is not (the notion of regularity for the non-smooth mapping v is not
defined). The curve g : R — R is not regular.
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The images of regular curves are “locally smooth lines” in the sense that locally they can
be represented by unit-speed straight lines (LT]). In other words, the image of every regular
curve is locally diffeomorphic to the image of a straight line. (A diffeomorphism is a bijective
map, which is smooth and whose inverse is also smooth.)

Proposition 1.2 (Local linearisation of regular curves). Let v : I — R? be a regular
curve. For every ty € I°, there exists an open subinterval I' C I containing ty and a
diffeomorphism ¢ of a neighbourhood W of ~(to) € R? onto a neighbourhood (W) of 0 € R?
such that ¢ oy : I' = R? is an injective linear map. In fact, (¢ o ¥)(t) = (¢,0,...,0) for
everyt € I'.

Proof. Define
oI xR S RIZR x R {(¢,y) — y(t) + (0,9)} .

The Jacobi matrix of ¢ at (t,0) has the block-diagonal structure

a0 = (73 7).

where 1 denotes the identity matrix of order d — 1. Since 7 is regular, the Jacobi matrix
is invertible. By the inverse function theorem, ¢ is a local diffeomorphism at (to,0). More
specifically, there is an open neighbourhood U of I x R?"! containing (¢y,0) such that
¢ : U — ¢(U) is a diffecomorphism. Clearly, we can choose U of the form I’ x W, where I’ is
an open subinterval of I containing ¢y, and W is an open neighbourhood of R%~! containing 0.
Let us set ¢ := ¢!, Since ¢ o ¢ is an identity, in particular (¢ o ¢)(t,0) = (¢,0) for every
t € I'. Consequently, (¢ o~)(t) = (¢,0). O

The proposition particularly claims that for any regular curve v : I — R? and t, € I° there
exists an open subinterval I’ C I containing t, such that 7|, is injective. Globally, however,
regular curves can overlap, see Figure [L4l

e=-1 e=1 e=0
~¢ is not injective v is injective e is injective
e is immersed e is immersed ve is immersed
v is not embedded ve is embedded v is not embedded

Figure 1.4: Curve . : I. — R? : {t — (sin(2t),cos(t))} with I, := (=2 4¢,35 —¢).

If the interval I is open, regular curves v : I — R? are alternatively called immersed
curves. A stronger requirement is an embedded curve, which is an injective immersed curve
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v : I — R such that v : I — y(I) is a homeomorphism. (A homeomorphism is a bijective
map, which is continuous and whose inverse is also continuous.) The curves y_; and -, are
not embedded, because their images around 0 € R? “do not locally look like a smoothly
deformed interval”. Other examples of immersed but not embedded curves are depicted in
Figure [LLA

0=20 0=1

Figure 1.5: Immersed non-embedded curves s : (0,1) — R?: {t > (¢, sin(t71))}.

1.3 Acceleration or curvature

Inspired by the discussion of straight lines in Section [LLIl we intend to define the curvature
of a general curve as the acceleration of a constant-speed traveller whose trajectory is the
image of the curve. This requires that the traveller is never at rest (unless we allow for
stationary curves whose image is just a point). In other words, we restrict to regular curves.

For regular curves, it is enough to restrict to unit-speed travellers, without loss of generality.
(Reparameterisation of a curve v : I — R%is a curve 7 := yo ¢ : I — R% where I C R
is another interval and ¢ : I — [ is a diffeomorphism. Obviously, v and 4 have the same
image.)

Proposition 1.3 (Regular travellers can be unit-speed). For every regular curve, there
exists a unit-speed reparameterisation.

Proof. Let v : I — R be the regular curve. Given any t, € I, define the arc-length function
s: I —[0,00) by

s(t) = /t /(7)) dr (1.3)

Since + is regular, the derivative s’ is positive. Consequently, by the inverse function theo-
rem, the inverse ¢ := s~! exists. Then 7 := v o ¢ is the desired unit-speed curve. Indeed,

[V (s()] =1 D)/s'(t) = 1. O

A unit-speed curve is also said to be parameterised by arc-length. For unit-speed curves -,
it is customary to denote its parameter by s instead of ¢, i.e., v : [ — R : {s +— 7(s)}.
Then the length of the interval |I| coincides with the length of the curve.
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Definition 1.4. The curvature of a unit-speed curve 7 is the function x := |y”|.

The following observation shows that the curvature is the right measure of deviation of the
curve from the straight line.

Proposition 1.5. Let v : I — R? be unit-speed. Then

k=0 = v is a straight line.

Proof. 1f 7y is a straight line (i.e. v(s) = as + b, where a,b € R? with |a] = 1), then x = 0
identically. Conversely, if k = 0, then by integration y(s) = as + b, where a,b € R? with
la] =1, so ~y is a straight line. O

1.4 Reference or moving frames

To describe the traveller on the rotated straight line (L2)) (see also Figure [[2)), it is conve-
nient to rotate the ambient system of Cartesian coordinates first, to end up with the simple
realisation ([LT)). Moreover, it might be useful to work in an inertial frame of reference,
following the constant speed of the traveller. For the traveller on a (general) curve, it is
similarly useful to work in a (generally non-inertial) frame of reference, moving along the
curve and suitably being adapted to the curved trajectory.

To be more specific, we introduce the following general terminology. Given any regular
curve v : I — R?, any non-zero vector which is parallel (respectively, perpendicular) to the
velocity vector 7/ is called tangent or parallel (respectively, normal or perpendicular) to 7.

Definition 1.6. Let v : I — R¢ be a unit-speed curve.

e A moving frame along 7 is a collection of d smooth mappings F\, ..., E;: I — R? which
is orthonormal (i.e., E;(s) - E;(s) = 6;; for every s € [ and 4,5 =1,...,d).

e The moving frame is called adapted to the curve if its members are either tangent or
perpendicular to the curve.

The Frenet frame is a moving frame satisfying v € span(E,, ..., E;) fori=1,...,d.

The relatively parallel adapted frame is an adapted moving frame whose normal members
have tangential derivative.

Since ~ is assumed to be unit-speed, the tangent vector field T := ~' has norm one. Conse-
quently, any Frenet frame (FE4, ..., Ey) satisfies Fy = £7T', so it is adapted.

Let (Ey, ..., Ey) be any moving frame of . For every i € {1,...,d}, let us write

where A = (Aij)i7j:17,_,7d € R4 ig a matrix and the Einstein summation convention is
adopted on the right-hand side (the summation is understood over the same index that
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appears twice, once as an upper index and once as a lower index, in the present case over
j=1,...,d). Since (using that E; - E; = J;;)

Al = BBy = (BE-E) — Ei- E; = —A},

J

it follows that A is skew-symmetric. Consequently,

= N (1.4)

Here the asterisk denotes entries of the matrix we do not care about. The skew-symmetric
matrix A admits an additional structure for the Frenet and relatively parallel adapted
frames.

1.4.1 The relatively parallel adapted frame

Let (Ey,...,Ey) be a relatively parallel adapted frame of the unit-speed curve 7. By
changing the order of the members of the frame, we may assume that F; := +7T. Then
E! € span(T) for every i = 2,...,d, because the normal members have tangential deriva-
tive. By the general skew-symmetry (L4]), it follows that there exist smooth functions
ki,...,kq_1 : I — R such that

E, 0 ki ... ki Ey
E —k 0 0 E

2| _ 1 ¢ 2 (L.5)
E,; —kq—1 O 0 E,

Recalling Definition [L.4] we have
kit kG =K

where k is the curvature of . The feature of the relatively parallel adapted frame is that
(due to the fact that the derivative of the normal members are tangential) the normal vectors
rotate along the curve only whatever amount is necessary to remain normal.

It turns out that the relatively parallel adapted frame always exists. (Here T,R? denotes
the the tangent space of R? at point p € RY, i.e., the d-dimensional vector space consisting
of pairs (p, V) € {p} x R? and equipped with the structure (p, V1) + (p, Vo) := (p, Vi + Va)
and a(p, V) := (p,aV), where o € R and V;, V, € R%.)

Proposition 1.7 (Existence and uniqueness of the relatively parallel adapted frame). Let
v : I — R? be a unit-speed curve. Let (EY,...,EY) be an orthonormal basis of TysnR? for
some sg € I such that EY = +T(sy). Then there exists a unique relatively parallel adapted
frame (Ey, ..., Ey) of v such that

Ei(so) = E} (1.6)

for every i € {1,...,d}.
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Proof. The proof is based on [6, App. A].

Let (Ey, ..., E;) be another relatively parallel adapted frame of v satisfying

Ey(sy) = E? for every i € {1,...,d}. Then necessarily F; = E;, because of the smoothness.
At the same time, M; := F; — E, with i € {2,...,d} are also normal vector fields with
tangential derivative. Consequently, |M;|?" = 2M; - M! = 0, which shows that the length of
each M; is constant. But M;(sg) = 0 due to (L), which implies £; = E; identically on 1.

‘Local existence.‘ To show the existence locally, one takes an arbitrary adapted moving
frame (FY,..., Fy) of v such that F; = £7. Such a frame always exists at least locally, say
on the interval Iy := (sg — &, 59 + €) with some positive €. On this interval, it satisfies (4],
or more specifically

/

5 (1T 5
: - -b B . )
Fy Fy

where B € RU=D*(=1) i5 skew-symmetric and b € R?. Given a rotation (special orthogonal)
matrix-valued function R : Iy — SO(d — 1)R@=D*(4=1) to be specified later, we rotate the
normal components, that is, we consider the transformed moving frame

Ey Lo F
= <0 R) o (1.7)
Ey Iy

Then

/

E E
N (Rb)T !
] T\-rb ®+RBRT) |

Eq Eq

Comparing this equation with (L), we see that (Ej, ..., Ey) will be a relatively parallel
adapted frame of v|;, satisfying the initial condition (L], provided that we choose R in
such a way that

1.8
R:RQ at So , ( )

{R’+RB:O in I,
where Ry € R(4=D*@=1) ig the (unique) orthogonal matrix satisfying
E; Fy(s0)
.| = Ro :
Eq Fa(so)

It is well known that the system (L)) admits a unique smooth solution R.

‘ Global existence. ‘ Let J be any open precompact subinterval of I containing the point s.
The interval can be covered by a finite number of open intervals of equal length, for each
of which there exists a family of relatively parallel adapted frames by the local construction
above. To get the global relatively parallel adapted frame on J satisfying the desired initial
condition at sg, we can patch together the local ones by employing the local frame already
constructed on [ and the freedom of choosing the initial condition in the problem analogous
to (LE) for the covering subintervals. Smoothness at the point where they link together is
a consequence of the uniqueness part. Since there is the desired relatively parallel adapted
frame on any open precompact subinterval J of I, the result follows. O
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In summary, every curve possesses a relatively parallel adapted frame. In fact, there are
infinitely many such frames whenever d > 3 (because there is an infinite number of vectors
perpendicular to v at the initial point sg).

1.4.2 The Frenet frame

Not every regular curve possesses a Frenet frame, see Figure [LO Indeed, since 7" lies in
the x'a3-plane for negative times and in the z'z2-plane for positive times, there exists no
smooth version of Ey. Notice that x(0) = 0 for this curve.

(t,0,e7) ot<0,
Figure 1.6: A curve in R?® without the Frenet frame, v(¢) := < (0,0,0) &t=0,

2

(t,e™"7,0) <t>0.

To construct a Frenet frame, let us restrict to unit-speed curves v : I — R? satisfying the
non-degeneracy condition

Vsel, 7' (5),7"(s),...,7 4V (s) are linearly independent. (1.9)

A necessary condition is that the curvature x vanishes nowhere in I.

Proposition 1.8 (Existence and uniqueness of the distinguished Frenet frame). Let v :
I — R? be a unit-speed curve and assume ([L9). Then there exists a unique Frenet frame

(E1, ..., Eq) of v satisfying, for alls € I and k € {1,...,d— 1},
(1) ¥'(s),7"(s),...,7v*®(s) and E\(s),..., Ex(s) have the same orientation and
(ii) E1(8),...,Eq(s) has the positive orientation.

Proof. The claim follows by applying the Gram—Schmidt orthogonalisation process to the
linearly independent vector fields 7/,~”,...,v4 1. In detail, we set F; :=+ and

E 3
By = — with Ep=7% B - AyWE — ... — E_ - yWE,_, (1.10)

| E
for every k € {2,...,d — 1}. Finally, we define E; := +(E; X --- X E4_1) with the sign +
chosen in such a way that Fy, ..., Fy is positively oriented (i.e. it has the same orientation
as the canonical basis of Rd). Recall that the cross-product £ := E; X --- x FEy_ 1 is the
unique vector satisfying

VF € R?, E-F=det(E,...,E; 1, F).
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Obviously, the moving frame constructed in this way is a Frenet frame. Notice that (i) is
also satisfied because

FE; C1 O ”Y/
L] = N (1.11)
Ek B Cr "}/(k)
where ¢; := 1 and ¢, = 1/|E;| for k > 2. Indeed, since the transfer matrix is lower
triangular and the diagonal elements are positive, its determinant is positive. O

The Frenet frame of Proposition [[.8 is called the distinguished Frenet frame.

Let us see how the equation (L4 looks for the distinguished Frenet frame. For k = d — 1,
equation (LII]) reads

E, C1 O 7y
: = : : (1.12)
Ed,l >|< Cdfl v(dfl)
Differentiating and using an inversion of the relationship (LI12), we obtain
E,y / C1 0 o A 0 v
: = : + ' :
Ed—l b S Cd—1 ’Y(d) >]</ C;lfl f}/(d_l)
* Cy ! 0
) 0 * gt Ey
* Cd—1 * C;_ll 0 Ed
x %
ch 0 * 0 Ey
+ . . :
x/ ch * * Eqq
X C1Cy ! 0
*  Ccocyt Ey
* Cd,QC;_ll 0 Ed
S * Cq—1%*
x 0 o\ [E
+ - : :
S * 0 Ed
Denoting k1 := cicy L Ko = cd,gc;_ll and kg := cq_1%, the necessary skew-symmetry
of A eventually implies
E1 ' 0 K1 O E1
E2 —K1 ' E2
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These are the celebrated Frenet-Serret equations. The functions ki ...kq_o are called the
curvature functions of v. Note that kq,...,kq_o are positive, while x; may change sign.
One has k1 = kK > 0 if d > 3, while k; may change sign if d = 2.

1.4.3 Low dimensions

Let v : I — R? be unit-speed. Recall the notation 7" := +' for the unit tangent vector field.

In the planar case, T' = (711,72/) and there is a unique choice of the unit normal
vector field N := (=%, ~'"), which makes the moving frame (T, N) positively oriented. It
is a relatively parallel adapted frame of v satisfying

(ﬁ) - (—Ok ]5) (JTv) / (1.13)

where the curvature function k := k; = k; is actually defined by the equations, namely
k:=T-N =det(y,~"). What is more, (7, N) is also the distinguished Frenet frame of v
(the hypothesis (IL.9)) is automatically satisfied if d = 2). Of course, |k| = . In this planar
context, k is occasionally called the signed curvature of . In practice, k is positive if the
curve is “turning toward” N, see Figure [L.7

/\ k=0
[
|

] s y(s)

N/

Figure 1.7: The signed curvature of a plane curve.

By Proposition [[L7, the relatively parallel adapted frame (T, M;, M) exists for any
space unit-speed curve «y : I — R3. It satisfies

/

T 0 ki ko T
Nl = —kl 0 0 Nl )
Ny —ky 0 0 Ny

where ki, ks : I — R3 are smooth functions.
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As for the Frenet frame, the planar simplicity does not extend to higher dimensions. In
particular, a condition is inevitable to guarantee the existence of a Frenet frame (recall
Figure [L6). In the spatial realisation, the hypothesis ([L9) reduces to the requirement
that the acceleration " vanishes nowhere in I (which is equivalent to the fact that the
curvature k is positive). Under this condition, the distinguished Frenet frame is given by
(T, N, B), where N :=~"/k is the principal normal and B := T x N is the binormal. The
Frenet—Serret equations read

!/

T 0 w 0 T
Nl =|- 0 71 N |, (1.14)
B 0 —7 0 B

where 7 := det(y/,v",~")/k? is the torsion of .

Proposition 1.9. Let v : I — R3 be a unit-speed curve with k > 0. Then

7=0 = v s a plane curve.

Proof. 1If v is a plane curve, i.e., the image (/) is contained in a plane, then the plane is
actually the osculating plane determined by the vectors T and N. Therefore B is constant,

which implies 7 = 0 due to the equation B’ = —7N. Conversely, if 7 = 0, then B is
constant. Therefore, (y- B)' = /- B = 0, which implies that v(I) is contained in a plane
normal to B. O

In summary, if £ > 0, the distinguished Frenet frame (7, N, B) is the relatively parallel
adapted frame (7, Ny, Ny) if, and only, if 7 = 0 (i.e., v is a plane curve). In general (but
still under the hypothesis k > 0), the two frames are related by a suitable rotation of the

normal vectors: ) )
Ny\  [cos —sin N
(Ng) N (sin@ cosf ) (B) ’ (1.15)

where 6 : I — R is a smooth function. This represents a parameterisation of the orthogonal
matrix R from (L7). Then the differential equation of (L.8) is equivalent #’ = 7. Thus, the
normal vectors of any relatively parallel adapted frame of v are rotated with respect to the
distinguished Frenet frame with the angle being a primitive of the torsion.

1.4.4 Closed curves

Now, the question arises why to ever consider the Frenet frame, which requires the extra
hypothesis (L.9]) whenever d > 3 (in particular, k > 0 if d = 3), while the relatively parallel
adapted frame exists for any regular curve. Furthermore, the relatively parallel adapted
frame exists for any curve « : I — R? under the modest regularity v € C?(I) (in fact, even
v € CHY(I) is considered in [6]), while the Frenet frame requires v € C([).

An immediate answer is the simplicity of the construction of the Frenet frame (just by
computing derivatives of a given curve, no need to solve any differential equation). More
importantly (but related to the previous observation), the construction of the Frenet frame is
local. This becomes fundamental when considering closed curves, i.e. curves 7 : [a, b — R?
with a < b such that

Vk e N, 7 *®) (@) = ~*)(b).
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The most famous example of a closed curve is a circle, see Figure and Example [LLT0.

Figure 1.8: A circle as a canonical example of a closed curve.

For closed curves in R? with x > 0, the distinguished Frenet frame is smooth at y(a) = v(b).
In particular, N(a) = N(b) and B(a) = B(b). This is due to the local nature of its
construction.

On the other hand, the relatively parallel adapted frame (7', N1, N2) is a non-local object
(in the sense that it is constructed through solving a differential equation on =), so it is
generally not smooth at v(a) = v(b). To be more specific, consider a space curve v with

k> 0. Let Ny(a) = N(a) and No(a) = B(a). Then (ILI5) yields

=

—
S
I

cos(60(b))N (b) — sin(0(b))B(b) = cos(6(b))N1(a) — sin(6(b))Na(a) ,
sin(0(b))N (b) + cos(0(b))B(b) = sin(0(b)) N1 (a) + cos(6(b))Na(a),

g

—

=
I

where 0(s) = [ 7. However, it is rare (and indeed generally not true, see Figure [LJ) that

f; T € 21Z. Nevertheless, it is true for plane curves, in particular for the circle of Figure

\
\\\\MV /A
Q\\”‘” }H‘/ ,////‘//

SO A A
‘\\\g\\\.\ W44
N\
N (/77 0
I/ /// g

Frenet frame normal relatively parallel normal

Figure 1.9: The parallel curve =, of Example with R = 1, 0(s) = s and r = —0.7
(the red curve in Figure [[L.T1]) and its principal normal vector field N (left) versus relatively
parallel normal vector field N; with N;(0) = N(0). The latter is obviously non-smooth at

’YT(O) = 77'(27TR)-

A closed curve v : [a,b] — R? is called simple if |j,4) is injective.
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Example 1.10 (Circle in space). As an example of a simple closed curve, let us consider
the circle of radius R > 0 in R3:

v:[0,27R] — R3: {s > (Rcos <%) , Rsin <%> ,O)} )

The division by R is introduced in order to make the parameterisation unit-speed. The
distingusihed Frenet frame reads

= (i (3) s () ).
Vo= (o) -on(3) o)
B=Tx N =(0,0,1).

As expected, the curvature of 7 is the inverse of the radius,

The torsion is identically equal to zero, because v is contained in the z'z?-plane. Explicitly,
by the third of the Frenet—Serret equations (LI4)), 7 = —N - B’ = 0. &

1.5 Parallel curves and their length
To apply the concepts of moving frames, let us recall this classical mathematical puzzle:

Imagine that a cable is wrapped around the equator of Earth. If the cable should
be raised 1 metre above the ground level, how much extra cable would one need?

The answer is counter-intuitive to non-mathematicians. Indeed, if R is the radius of Earth,
the solution reads 27(R + 1) — 2R = 27, which is merely around 6 metres. In particular,
the solution does not depend on R.

Let us consider the puzzle in the context of general unit-speed curves v : I — R with I
bounded. (The image v([) is not necessarily a circle, moreover v does not need to be
closed.) Let (T, Ny,...,N4_1) be a relatively parallel adapted frame of . Given a rotation
matrix-valued function R : I — SO(d — 1) € R@D*=1 "consider the transformed moving
frame (recall (7)), where however the role of rotation is inverted)

T T
M, (1 0 Ny
: 0 R
Mg Na—
Let M denote one of its normal members M, ..., My_;.

Without loss of generality, let us take

M := M, = R/N;
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i—1. To simplify the notation, set ©7 := le and call

0:= (..., 0

the twisting vector. In summary, one has M = ©/N; = O'N; + --- + O N,_;, where
O = (©1)? + ...+ (67712 =1 (because of the orthogonality of R).

Given r € R, consider the parallel curve
Yo: I = R {s+— y(s) + rM(s)}. (1.16)

Obviously, 79 = v and 7, is a curve parallel to v at distance |r|. Let us make a restriction
on r to guarantee that -, is regular. To this purpose, recalling (LH), we compute

Yo=(1-rk©®)T+r6eN;.

Consequently, ‘ ‘

el? = (1 —rk;©7) + 1 (67 N;)?. (1.17)
By the Schwarz inequality in R, |k,07| < |k||©| = |k|, where k := (ki, ..., kq_1) is called
the curvature vector. Hence, a sufficient condition to guarantee that -, is regular reads
ke L>(I) and

el k] < 1. (1.18)

Here the restriction on the boundedness of the curvature vector is fundamental if the inter-
val I is allowed to be open, see Figure [LT0l

Figure 1.10: A spiral 7 : (0,1) — R?: {t — (e ' cos(t™"), €' sin(t™!))} as an example of a
curve with unbounded curvature.

We are interested in the length

Liy) = / ()] ds.

Since «y is unit-speed, one obviously has L(v) = |I|. How is this length changed for non-
zero r? From (LI7), we deduce the general formula

L)~ £6) = [ (/L= P06 + 2 (@M, () ~ 1) ds.
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In the planar situation v : I — R? corresponding to the puzzle above, there is no
twisting. More specifically, one can choose © = ©! =1 and N; = N, where N is the normal
vector of (ILI3]). Consequently,

L0~ L) = =r [ K(s)ds, (119
I
where k is the signed curvature of 4. The integral of the curvature function k is called the
total curvature of . The following theorem provides a beautiful relationship between a local
geometry of the curve (curvature) and its global properties. (In German, Umlauf and Satz
mean “rotation” and “theorem”, respectively.)

Theorem 1.11 (Umlaufsatz [Hopf 1935]). Let v : I — R? be a simple closed unit-speed
curve. Then
/k:(s) ds = +27,
I
where the sign depends solely on the orientation of the curve.

Proof. We only give an idea of the proof. Let 6 : I =: [a,b] — R be a continuous, piecewise
differentiable function satisfying

T(s) =7'(s) = (cosf(s),sinb(s)).

Such a function is called the tangent angle of . Since k = @', one has
/k(s) ds =0(b) —0(a) .
I

Since 6(s) is the angle that T'(s) makes with the first axis of R? and + is closed, it is not
difficult to see that 6(b) — 6(a) € 2nZ. The most difficult part of the proof is to show that
for simple closed curves, the only possibility is 8(b) —6(a) = £27. The plus sign corresponds
to positively (or counterclockwise) oriented curves, meaning that the traveller has the curve
interior of v to the left. 0

As a consequence of this theorem and (LI9), we get the ultimate result generalising the
puzzle to arbitrary plane curves.

Corollary 1.12. Let v be a simple closed unit-speed plane curve. Given any real number r
satisfying (L18), let v, be a parallel curve at distance |r|. Then

L(y) — L(v) = F27r.

We see that the difference is indeed independent of the curvature of y. Moreover, recall that
the parallel curve 7, was constructed using the normal N of the distinguished (positively
oriented) Frenet frame (7', N). If « is positively oriented, then N points to the interior
of v. Hence, we get the expected property that the plus sign corresponds to parallel curves
located in the exterior of ~.
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Example 1.13 (Parallel curves to the circle in space). Recall Example [LI0. Since 7 is a
plane curve, the Frenet frame (T, N, B) is also the relatively parallel adapted frame of .

We define
M;\  (cosf —sinf N
Ms) \sinf cos6 B)’
where 6 : I — R is a smooth function, and set M := M;. Finally, we consider the parallel

curve 7, defined by (ILI6]). The regularity hypothesis (ILI])) is satisfied provided that |r| < R.
Several scenarios are depicted in Figure [LT1l

As an example of the general non-smoothness of the relatively parallel adapted frame for
closed curves, see Figure [LI. $

o,

Figure 1.11: Parallel curves of Example [T3] with R = 1: r = 0 (dark blue); § = 0 an
r = —0.7 (light blue); 6 = 7 and r = 0.7 (light green); 0(s) = s and r = —0.7 (red); 0(s) =
and r = —0.7 (yellow)

N |»

1.6 The isoperimetric inequality

In this subsection, we look at another classical problem in global theory of plane curves.
Indeed, this is perhaps the oldest global theorem in differential geometry.

Among all closed simple closed plane curves with a fized length, which one en-
closes the largest area?

The well-known answer is the circle (of the same length).

Since the interior of the closed curve is a domain (i.e., open connected set) the fact can
alternatively be stated that among all planar domains of a given perimeter, the disk has the
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Figure 1.12: An arbitrary domain (left) to be compared with the disk (right).

largest area (see Figure[[.12). In fact, this is a more general statement, because the domain
needs to be neither smooth nor simply connected. That is,

max || = |B], (1.20)

|02|=const

where the maximum is taken over all bounded domains 2 C R? of the fixed perimeter
|0S2| = const, B denotes the disk of the same perimeter as Q (i.e. |0B| = |0} = const)
and |Q2| denotes the area of €. It is indeed an inequality because (L.20) is equivalent to the
statement

V2, |09 = const, 2] < |B|. (|0B| = |092| = const) (1.21)

Moreover, the inequality becomes equality if, and only if, {2 = B.

By scaling, (L20) is equivalent to the isochoric inequality stating that among all planar
domains of a given area, the disk has the smallest perimeter. That is,

min |09 = 08|, (1.22)

|©2|=const

where the minimum is taken over all bounded domains Q C R? of a fixed area |Q| = const
and now B denotes the disk of the same area as ) (i.e. |B| = || = const). Again, one is
concerned with an inequality because (L22)) is equivalent to the statement

V), || = const, |02 > |0B]. (|B| = |€2] = const) (1.23)

Moreover, the inequality becomes equality if, and only if, Q = B.

Since the perimeter and area of a disk is known explicitly, the two inequalities (2T])
and (L23)) can be stated as a unique inequality (without any further constraints on the
domain Q).

Theorem 1.14 (Isoperimetric inequality [Dido 900 BC]). For any bounded domain Q2 C R?,
one has

|0Q* — 47|Q| > 0. (1.24)

Moreover, the inequality becomes equality if, and only if, ) is a disk.
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Indeed, if R denotes the radius of B, then the isoperimetric constraint requires 27 R = |01,
while (L21)) states that || < wR?; eliminating R, we arrive at (L.24).

These two classical geometric optimisation problems were known to ancient Greeks. Indeed,
they are usually attributed to the legendary queen of Carthage Dido (roughly 900 BC).
However, a first “proof” was given by Steiner in 1838 AD. Actually, he provided five different
“proofs”, but all of them were wrong, in the sense that he a priori assumed that a solution
should exist. This was eventually settled by Weierstrass in 1879. See [1] for an overview of
this mathematical adventure. The analogous statements hold in higher dimensions as well.

Proof of Theorem[1.1j]. Following [2, Thm. 1.7.1], we give an elementary proof in the initial
setting of 09 being a (smooth) simple closed curve.

Define
Linf o 1 1 2 inf g2
i 1= 10E 27, @ ilelgl’ ;@i = Inf 2%
Set r := (zl,. —xL.)/2. Translate Q in R? in such a way that (the translated domain,

denoted by the same symbol) Q C {x € R? : |z!| < r A 2% > r}, see Figure [LT4 Let
v :[0,1] — R? with [ := |09| be a positively oriented simple closed unit-speed curve tracing
the boundary 02. That is, the interior of v equals the domain Q and the image ~([0,])
coincides with the boundary 0f.

|

Figure 1.13: The geometry of the proof of Theorem [[.T4l
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Let B,.(0) be the open disk centred as the origin of R2. There exists a smooth function
3% :10,1] — R? such that 8 := (B!, %) with 8! := 4! is a curve tracing the boundary 9B,.(0).
Note that 3 is not necessarily unit-speed.

Let us recall the divergence theorem

/divF:/ F-n,
Q o0

where F' : Q — R? is any smooth vector field and n is the outward unit normal of .
If (T, N) is the distinguished Frenet frame of v, then N = (=%, ~4") is inward pointing.

Choosing F(z) := (2',0), F(z) := (0,27%) or F(z) := 3(z', 2?), we respectively obtain

9] = /0 Y (s)77 (s) ds = _/0 P(s)7(s)ds = %/0 [V ()77 (s) =7*(s) 7" (s)] ds.

Exactly the same formula holds for v tracing the boundary 0f2 even if it is not unit-speed.

Applying the area formula above, one has
l l
Q= [ Y(s)7¥(s)d d  |B(0)=— [ B%*s)pY(s)d
0= [ s ad (B0 == [ 55" )as
Using | B,(0)| = mr?, we write
! / !/
9 +7 = [ [31(6)77(9) = 8% 5(s)] s
/\’V — B%(s) Y (s)| ds
< 1 2 2 1/ 2d 1.25
_/OW( o B(s) (/12 (5)? + BV(s)? ds (1.25)
l
~ [ VIO R
0
lr

Here the second estimate is due to the Schwarz inequality and the last but one equality
employs that we have chosen 3! = ~! (together with the fact that v is unit speed). The last
equality employs that 3 is a circle of radius r. Using the inequality between the geometric
and arithmetic means, we obtain

VIQVTr? < |Q|+W < (1.26)

Iy
2
Squaring, we establish (L.24)).

Now assume that equality holds in (L24]). Then equality must hold everywhere in (2]
and (L26)). From the latter, we deduce |Q| = 7r? and [ = 27r. In particular, the “horizontal
width” r of © depends only on the perimeter [0€]. From (L.25]) (since the equality in the
Schwarz inequality holds if, and only if, one of the vectors is a multiple of the other), we
obtain

(v, 8% = A (y", =Y., (1.27)
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where )\ is a real number. Consequently, recalling that 8! = ~1,
= (0 + (B2 = R [+ (8] = X2

Hence A\ = £r. From (L27), we deduce 7' = +r~?". Since r is independent of the rotation
of Q, we can interchange 7' and 42 in the last relation and obtain v = +r ", Consequently,

(Y2 + (") =12,

so 7 is a circle, as we wished. O
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1.7

1.
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Exercises

Let v : I — R? be a regular curve, not necessarily unit-speed. Show that its signed
curvature is given by
J det(y',~") .
y'[?

. Let v : I — R? be a regular curve, not necessarily unit-speed. Show that its curvature

and torsion are respectively given by

/>< " dt / 7 7
R 00 Tl _ det(v',7",7")

v[? xR
Compute the curvature of the curve 75 from Figure
Compute the curvature of the curve 7. from Figure [[4]
Compute the curvature of the curve 75 from Figure [LLAl
Compute the curvature and torsion of the curve 7 from Figure
Compute the curvature and torsion of the curve v from Figure [LT0l

Compute the curvature and torsion of the curves ~, from Figure [L. 11l
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2 Surfaces

To simplify the presentation we restrict to (two-dimensional) surfaces in R3.

2.1 Parameterised surfaces

The generic notation U C R? will always mean an open subset in this section. By a surface,
we mean a smooth deformation of U. In the same way as a curve was a smooth deformation
of the one-dimensional interval I. In contrast to curves, however, we include the condition
on regularity in the very definition.

Definition 2.1. A surface is a smooth map p : U — R? satisfying rank p’ = 2.

Here p/(u) denotes the Jacobi matrix of p at point u € U with respect to the standard bases
in R? and R3.

Recall (¢f [7]) that the derivative of any smooth function f : R™ — R™ at point x € R" is
the linear transformation D f(z) : R" — R™ defined by

i L&) = f@) = Df@)h _
h—0 |h| ’

The Jacobi matriz f'(x) of f at point z € R™ is the matrix of D f(x) with respect to the
standard bases in R and R™. For practical computations, note that Df = (Vf)'.

Since 2 = dimR? = dimker Dp(u) + rank Dp(u), we see that the condition rankp’ = 2
means that Dp(u) : R? — R3 is injective for every u € U. By the inverse function theorem,
it follows that p is a local diffeomorphism. In our case, the Jacobi matrix reads

oip'(u) Oopt(u)
P(u) = | Owp*(u) Oop*(u)
op*(u) Oop3(u)

The geometric meaning of the regularity condition rankp’ = 2 is that the tangent vector
fields O1p, Osp are linearly independent at every point of U, see Figure 211

K ul
K) ’ p(U)

Figure 2.1: A parameterised surface.
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Reparameterisation of a surface p : U — R? is another surface p := po ¢ : U — R3, where
U c R? is another open set and ¢ : U — U is a diffeomorphism. Obviously, p and p have
the same image. If det ¢’ > 0 (respectively, det ¢’ < 0), the reparameterisation is said to be
orientation-preserving (respectively, orientation-reversing).

2.2 Examples

Example 2.2 (Sphere). The most famous “surface” is certainly the sphere (see Figure 2.2))
Sk = {(z',2%,2*) e R* : (2')? + (2%)% + (2*)? = R?}.

In quotation marks because, globally, it does not fall into the category of our (parameterised)
surfaces from Definition 2.1l The northern and southern hemispheres without the equator
can be respectively parameterised via

pt: Ur — R?: {(ul,u2) = (U17U27 \/R2 — (u')? - (u2)2)} ’

where Ui := {u € R? : |u| < R} is the planar open disk of radius R. Alternatively, using
spherical coordinates, we define

p:(0,7) x (0,27) = R : {(0,¢) — (Rsinfcos ¢, Rsinfsinp, Rcosd)}
which parameterises the whole sphere, except for the meridian (also visualised in Figure [2.2))
{(Rsin6,0, Rcosf) : 6 € [0, 7]} .

If R =1, we abbreviate S; =: S. %

Figure 2.2: Sphere as the boundary of a ball.

Example 2.3 (Torus). Another famous “surface” is the torus, which is obtained by rotating
a circle of radius » > 0 about a straight line belonging to the plane of the circle and at a
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distance R > r away from the centre:

Tr, = {(xl,xZ,x?’) eR3: [V (21)? + (22)% — RF + (2%)? = 7‘2} :

Except for a set formed by the union of a small circle and a great circle, a suitable param-
eterisation is given by

p:(0,21) x (0,27) = R : {(¢, p) — ((R+ 7 cos¢)cosp, (R+1cos¢)sinp,rsing)},

see Figure 2.3

If we are not interested in specific values of the radii, we simply write T for a torus. %

X
X
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N
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XX
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2
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77
722
<S

e

Figure 2.3: Torus as the boundary of a donut.

Example 2.4 (Ruled surfaces). Recall Example [[LT13 and Figure [LII] about parallel
curves 7, to the circle in R3. Letting the distance function 7 in the definition (L8] variable,
we obtain a special class of ruled surfaces

p:(0,27R) X (—Tmax; Tmax) — R* : {(s5,7) = v(s) +7M(s)} .

(What is the restriction on the positive number 7., to make p the (regular) surface? See
Exercise 2.914]) The surface variants of the parallel curves realisations from Figure [[L.T1] are
depicted in Figure 27 (following the same colour scheme). &

Example 2.5 (Surfaces of revolution). Consider the surface in R? generated by revolving
the image of a plane curve (contained in the z'z*-plane) v : [0,a) — R? : {s > (r(s),2(s))}
with a € (0, 00)U{oo} about the z*-axis (see Figure2.5]). Assume that ~ is injective and unit-
speed (i.e., 7> 4 2/* = 1). Moreover, assume r(s) > 0 for s € [0, a) and lim,_,, (s) # (0,0).
Finally, in order to ensure the smoothness at the pole o := (0,0,0), assume r(0) = 0 and
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¢ = 0 (annulus) ¢ = % (cylinder)

0(s) =s 6(s) = 5 (Mdcbius strip)

Figure 2.4: Ruled surfaces of Example 2.4] .

7'(0) =1 (which implies 2/(0) = 0). The natural parameterisation of such a surface (except
for the pole and the meridian s — (r(s),0, 2(s))) is given by

p:(0,a) x (0,27) — R?: {(s,) — (r(s) cos ¢, 7(s) sinp, 2(s))} . (2.1)

Since [01p x Oop| = r > 0, it is a (regular) surface.

Particular situations of the surfaces of revolution are the plane (r(s) := s and z(s) := 0
with @ := 0o) and the sphere (r(s) := Rsin($) and z(s) := R — Rcos(3) with a 1= 7R). $

Other examples of surfaces can be found in Figure 2.9

2.3 The first fundamental form or metric

Let p: U — R3 be a surface. Then the tangent vectors dip(u), dop(u) are linearly indepen-
dent at every point u € U. We introduce the tangent space of p at u € U by

Tup == {p(u)} x [(Dp)(w)](R?*) = {p(u)} x span (1p(w), Oip(u)) .
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z(8)

r(s)

Figure 2.5: The generating plane curve v and the generated surface of revolution.

Clearly, T,p C Tp(u)Rg. In fact, dim(7,p) = 2 and the geometrical interpretation of T,p is
the tangent plane to p(U) at p(u). It is customary to identify 7,,p with the two-dimensional
subspace [(Dp)(u)](R?) C R3.

The disjoint union of all the tangent spaces of p is called the tangent bundle:

Tp ::U T.p.

uelU

Definition 2.6. The metric (or the first fundamental form) of p at u € U is the bilinear

form
gu: Tup x Tup = R : {((p(u), X), (p(u),Y)) — X -Y}.

In other words, the metric associates to two tangent vectors their inner product inherited
by the ambient space R3. We also use the symbol g to denote the map g : Tp x Tp — R,
which is the union of all g,.

The matrix representation of the metric with respect to the frame (81]9, 81]9) is the matrix
(gij)z‘,j:m = (99, 8]'10))1‘,]‘:1,2' One has

In matrix formalism, this is equivalent to (gij)z‘j:1 , = (Vp)(Vp)" = (Dp)"(Dp).

Clearly, the matrix is positive definite and u — g;j(u) is smooth. What is more, if XY :
U — R3 are (smooth) tangential vector fields (i.e., X (u),Y (u) € T,p for every u € U), then
U = Gpu) (X (u),Y (u)) is smooth.

Occasionally, we write (X, Y') instead of g(X,Y'), which is justified by the fact that g satisfies
the properties of an inner product.

It is customary to denote by g% the entries of the matrix (g% )ij:1 , inverse to (gs5), it

The metric g plays the role of the squared norm |y/|> =+’ -4/ for a curve . Without loss
of generality, one can always choose |7'| = 1 (recall Proposition [[3]), so the notion of the
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metric for curves would be trivial. For surfaces, however, this is a fundamental object. In
particular, it enables one to measure lengths of tangential vectors and angles between them.

Example 2.7 (The metric of surfaces of revolution). Recalling Example 2.5 in particu-
lar (2.1)), we have

Oip(s, ) = (r'(s) cosp,r'(s) sinp, (s)) ,

dop(s, ) = (—r(s)singp,r(s)cosp,0).

Consequently, Oi1p-dip =1+ 2% =1, Oop - Oop = 12, O1p - Dop = 0, and therefore

@)=y p)-

Note that the metric is diagonal and independent of the second (angular) variable. &

2.4 The second fundamental form

Let p : U — R? be a surface. The tangent vector fields 9;p, Oyp gives rise to the unit normal
vector field
_ OipX op

o= . 2.3
|81p X 82]9| ( )

The function n : U — R3 (with image identified with the sphere S) is called the Gauss map.
The moving frame (01p, Oap, n) is called the Gauss frame of p.

Differentiating the identity |n|?> = 1, it follows that nld;n for i = 1,2. In other words,
[(Dn)(w)](R?) C [(Dp)(w)](R?). This justifies the following definition.

Definition 2.8. The Weingarten map (or the shape operator) of p at u € U is the endo-
morphism

Ly : Tup = Tup : {(p(w), X) = (p(w), =[(Dn)(w)] o [(Dp~™")(u)]X) } -
The second fundamental form is the associated bilinear form

hy : Tup X Tup — R : {((p(v), X), (p(u),Y)) — X - LY }.

As for the metric, we also use the symbol h to denote the map A : Tp x Tp — R, which is
the union of all h,. Similarly, we introduce L.

The matrix representation of the second fundamental with respect to the frame (alp, alp)
is the matrix (hy;) = (h(8:p, 8]»10))”:1 ,- Using that (Dp~")(Dp) = 1 (identity in R?),

ij=1,2
one has

hij = —0;p - 8jn.
From the identity h;; = —0;(0ip - n) + 0;0;p - n = 0;0;p - m, it is clear that h is symmetric.

The matrix representation of the Weingarten map with respect to the frame (alp, alp) is
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the matrix (L"j)i,j:L2 satisfying Ld;p = L*;0;p. One has
Lij = nghky

Because both g and h are symmetric, one also has Lij = hjrg™. This matrix is not neces-
sarily symmetric, but L is self-adjoint with respect to the inner product (-,-). This follows
immediately by definition and the symmetry of h.

Example 2.9 (The second fundamental form of surfaces of revolution). Recalling Exam-
ples and 2.7] we have
O1p(s, ) x 0ap(s, ) = (—r(s)2'(s) cos , —1(5)#'(s) sinp, 7(s)r'(s)) .
Consequently,
n(s,¢) = (—#(s) cos p, —Z( )Sm% ( )

oin(s, o) = (= 2"(s) cosp, —2"(s)sing, r"(s)) ,

Bun(s, ¢) = (</(s)sin —z'<s> cos ,17(5).
Since O1p-hn = —r'2" + 1", Dop - Oon = —r2', O1p - Oon = 0, we get

v ‘ A 0 )
(hij) = (TZ 0 o T(,)z’) and  (L%) = ( 0 z_/> :

r

Again, both the second fundamental form and the Weingarten map are diagonal and inde-
pendent of the second (angular) variable. &

2.5 Curvatures

Since L is self-adjoint, its spectrum is real. The eigenvalues of L are denoted by k1, ks and
called the principal curvatures of p, i.e.,

o(L) = {K1, ka}.
The corresponding eigenvectors Fy, s € T'p are called the principal directions of p, i.e.,
LE; = k;F;
for © = 1,2. By the spectral theorem, the eigenvectors can be chosen to be orthonormal.
The principal curvatures determine two important curvature functions of p:

the Gauss curvature K := Kiko = det(L),
ki +ry  tr(L)

2 2
Note that K = 0 and H = 0 if, and only if, k; = 0 and ky = 0.

the mean curvature H =

We say that the surface p : U — R? is planar if the unit normal vector field n given in (Z.3)
is constant (i.e., Dn = 0). Obviously, p is planar if, and only if, the image p(U) is contained
in a plane in R3. The following observation shows that the principal curvatures are the right
measure of deviation of the surface from being planar.
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Proposition 2.10. Let p: U — R? be a surface. Then

K1 = kg =0 = p is planar.

Proof. The equivalence follows immediately by observing that p is planar if, and only if, the
Weingarten tensor L = 0 identically. O

Example 2.11 (The second fundamental form of surfaces of revolution). Recalling Exam-
ples 2.5 2.7 and 2.9, we immediately obtain the principal curvatures

ZI

ki =r2" —7r"2, Ky = — .
r
In particular, for the plane we get k1 = Ky = 0, in agreement with Proposition 2.10. For

the sphere, we get Ky = Ky = %. &

2.6 Curves on surfaces

By a curve on the surface p : U — R? we mean a curve v : I — R3 which can be written in
the form v = po 3, where 8 : I — U C R? is a curve in U.

One has the following very intuitive interpretation of the principal curvatures.

Proposition 2.12. Let p : U — R? be a surface and Ey, E its principal directions. Given
u € U, consider the vector

Xy :=cos O Ey(u) +sinf Ey(u) , g €[0,2m).

Let g be the unit-speed plane curve on p obtained by the intersection of the plane spanned
by the vectors n(u) and Xy with the surface image p(U) such that v4(0) = p(u). Consider its
curvature kg(0) := —7,(0) - N’(0), where N is the normal member of the relatively parallel
adapted frame of ¢ lying in the plane. Then

{ra(w), o)} = {max ko 0), min ko (0) }

where K1, ke are the principal curvatures of p.

Proof. See Figure for the geometric setting. By definition, Xy € T,p, but we also
identify it with a vector in R® below. There exists ¢ > 0 such that the unit-speed curve
Yo : (—e,e) — R3 satisfies v(0) = p(u) and v/(0) = Xp. One has N(0) := +n(0). Writing
Y9 = po 3, one has vy, = B"0,p. (To simplify, we write 0;p instead of the correct d;po 3, and
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similarly below.) Consequently,

ko(0) = =57 (0)0;p(u) - (£)57(0)d;n(u)

= £5"(0) hyy(w) 5(0)

= +h,[Xy]

= +(k1(u) cos® O + ko(u) sin®0)
where h[-] denotes the quadratic form associated with the bilinear form h(-,-). Since the
derivative of ko(0) with respect to 6 is equal to zero if, and only if, 6 € {0, %, 7, 37}, we see
that the principal curvatures £1(u) = Fko(0) = Fk=(0) and ra(u) = Fkz(0) = Fksx (0) are
the extremal values (minima and maxima) of the function 6 — k4(0). O

Figure 2.6: Normal sections define a family of plane curves 7, depending on an angle
parameter 6. The principal curvatures are the maximal and minimal values of the (signed)
curvatures kg of this family:

{K1, Ko} = {meaxkg(O),mein k;g(O)} :

Given any vector X € T,p, the value k(X)) := h[X]| = h[—X] is called the normal curvature
of p in the direction £X. As we have seen, |rk(X)| equals the curvature of the plane curve
obtained by intersecting the surface with plane spanned by the vectors n(u) and X.

Now, let v : I — R3 be any unit-speed curve on the surface p : U — R3. The acceleration
v"(s) with s € I has a component parallel to p(U) at y(s) and a component perpendicular
to p(U) at y(s). The former is perpendicular to the velocity «/(s), because the curve is
assumed to be unit-speed. Consequently, if n is the unit normal vector field given by (2.3)),
we have the decomposition

Y'=n-v"n+nxv")-9"(nx~v), (2.4)
where the first (respectively, second) term on the right-hand side is the normal (respectively,
parallel) component. Inspired by this decomposition, we define two (signed) curvature
functions of ~:

the normal curvature — Kk, :=n-~",
(2.5)

the geodesic curvature kg := (n x ') -+".
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Of course, we have the identity

2 _ .2 2
K™ = Ky, + Ky,

where k = |7”| is the curvature of 7 introduced previously. Furthermore, the normal curva-
ture of 7 is the normal curvature of p in the direction +'.

Proposition 2.13. Let v : I — R? be a unit-speed curve on the surface p: U — R3. Then
Kn = hh/] )

where Kk, is the normal curvature of v and h is the second fundamental form of p.

Proof. Let 3 : 1 — U be a curve such that v = po 8. Then ~ = 579;p. Moreover, if n is
the unit normal vector field given by (Z3), then #’ = 3”9;n with 7 := n o . Consequently,

h[’}//] = Bllhzj/gj/ = _/Bi, alp : @n 6], = —’y/ - = 'y,/ N = K -

Definition 2.14. A unit-speed curve v : I — R? on the surface p : U — R? is called a
geodesic if its geodesic curvature vanishes:

v is a geodesic = kg =0.

Obviously, v is a geodesic if, and only if, its acceleration 4" is perpendicular to the surface.

2.7 Extrinsic versus intrinsic

Let us start by recalling the “distance-preserving” transformations in the Euclidean space.
More specifically, a map ¢ : R? — R? is called an isometry (or congruence) if it preserves
the metric structure (distances) of the Euclidean space, i.e. |¢p(x) — ¢(y)| = |z — y| for every
r,y € R% Any isometry is a composition of an orthogonal motion and a translation. More
specifically,

¢(z) = Rx + g,

where 7o € R? and R : RY — R? is a linear transformation satisfying |Rz| = |z| for every
x € RY If det R = 1 (respectively, det R = —1), then ¢ is said to be orientation-preserving
(respectively, orientation-reversing). An example of an orientation-preserving (respectively,
orientation-reversing) isometry in R? is the rotation (z',2?) — (—z?,2') (respectively, the
reflection (z!,2?) — (2!, —2?)).

Let p : U — R3 be a surface and denote by k1, ke, K and H its principal, Gauss and mean
curvatures, respectively. Given an isometry ¢ : R® — R3, the composition p := ¢ o p is
also a surface and we denote by k1, ko, K and H its principal, Gauss and mean curvatures,
respectively. The relationship between the curvature functions of p and p is given in the
following proposition.
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Proposition 2.15. Let p: U — R3 be a surface, ¢ : R* — R? and isometry and p := ¢ o p.
Then . .
/%1::{:/{1, %2::{:/{2, K:K, H::tH,

where the signs are positive (respectively, negative) if ¢ is orientation-preserving (respec-
tively, orientation-reversing).

Proof. By the chain rule, Dp(u) = D¢(p(u))Dp(u) = RDp(u). (In components, writing
¢*(x) = R’ + 27 this is equivalent to 9;p%(u) = R; 8;p°(u), where i € {1,2} and
a, B €{1,2,3}.) In particular, 9;p = RO;p. It follows that

gij == 0;p - 0;p = (RO;p) - (RO;p) = Opp - 9jp = gij »
where ¢ is the metric of p. At the same time,
O p X O9p = (RO1p) X (ROyp) = det(R) (R™)T(01p x Oap), (2.6)

where the second identity is valid for any invertible matrix (see Exercise [Z.9[]). In our case,
R is orthogonal (i.e., (R7!)T = R), therefore

N Op X Oop
= = det(R Rn,
|O1p X% Oap| (B)
where n is given by (23). Consequently,

where h is the second fundamental form of p. Finally, we get

L', == §%hy; = det(R) g™ hy; = det(R) L',

Vi )
where L is the Weingarten map of p. From this relationship between the Weingarten maps,

we immediately deduce the relationships between the curvatures. O

We see that the Gauss curvature K is the only one of the curvature functions which does
not change sign under the orientation-reversing isometries. For this reason, we say that K
is an sometric invariant of p.

We now investigate a much deeper invariance of K. To simplify the notation, we denote the
partial derivative of a function f by a comma (i.e. f; := 0, f, fi; := 0;0;f, etc.). The range
of indices being i, j,--- € {1,2}.

Definition 2.16. The Christoffel symbols of a surface p : U — R? are the functions

1
Féj oy 9 gkl (=i 3 Tms 3= i) (2.7)

where ¢ is the metric of p.
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The formula is easy to remember by writing FU =gF szk with I, == %<_gij,k +Gjki+ Grij)-
Indeed, we start with minus g;;; and then cyclically permute the indices with pluses. Notice
the symmetry Fl = Tl

Lemma 2.17. Let p: U — R3 be a surface. Then
n; = —h; gjkp7k and = 1"’“ pr+ hijn,

where g and h are the metric and the second fundamental form of p, respectively, and n is
the unit normal vector field given by (2.3]).

Proof. Since the norm of n is constant, it follows that nln;. Consequently, n; = A py
with some coefficients A, : R — R to be determined. Taking the inner product with p ;,
we get

—hij=mn;-p;= Azkp,k P = A@'kgkj .
Multiplying by ¢/, we get —h;;g”' = A g9’ = Al. This proves the first identity.

To prove the second identity, we note that (p1(u), p2(u), n(uw)) span Tp,)R?. Consequently,
= Ak "Dk + Bijn with some coefficients AL B;; : R — R to be determined. By taking

157
the 1nner product with n, we see that B;; = hy;. By taking the inner product with p;, we

get
Dij-Pi= Afj Gkt -
Multiplying by ¢'™, we get the symmetry Al =D Du g'm = A7, Furthermore,
Gisk = (Di D)k = Pk - Dj+ P~ Pk = A g5 + Al i -

A cyclical permutation of the indices yields

Gjki = Aé’z‘ i + Al 9ij 5
Gkij = Aﬁfj gii + Aéj ik -

Consequently (the respective colours cancel),
—Gij + ik + Grig = 2A% que -

From this identity, it follows that Al; = T, O

Definition 2.18. The curvature tensor of a surface p : U — R? is the collection of functions
Riw =Ry gn  with  Rl=T% —Th +T, % —T, T%, (2.8)

where g and F are the metric and Christoffel symbols of p, respectively.

As a consequence of this definition and Lemma .17, we get the following relationship.
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Lemma 2.19 (Gauss equation). Let p: U — R3 be a surface. Then
Rijri = hahjy — highy,

where R, and h are the curvature tensor and the second fundamental form of p, respec-
tively.

Proof. Using Lemma .17 (the second identity twice and then the first identity), we have
Dijl = FZ‘J P+ Pfj P+ hijin + hijng
= FZJ Dk + Pfj (le p,p + hkl n) + hij,l n 4+ hij n;
= T30+ Tl (D0 p, + ha ) + hijan + g (—hipg™p) -
By taking the inner product with p ,,, we get
Pt P = (Dhjy + T Ty = highipg™) G
Interchanging the indices ¢ and [, we also have

Piji Pm = (FZZ + PZ‘ P];i - hljhipgpk) 9km -

Subtracting these two identities, we deduce

Rlijk = Fk - PZ’ + szj Fl;l - 1—‘;)] P];z = (hijhlp — hljhip)gpk ,

7,1 )

which is equivalent to the desired claim. O

Now we are in a position to establish the main result of this section. (The translation from
Latin would mean “totally remarkable theorem”, which shows how much surprised Gauss
was.)

Theorem 2.20 (Theorema Egregium [Gauss 1828]). Let p: U — R? be a surface. Then

R1221 1 il ik
K = — Rz wad , 2.9
where K, R, and g are the Gauss curvature, the curvature tensor and the metric of p,
respectively.

Proof. By Lemma 219 and the formula K = det(L) = det(h;;) det(¢g*"), we have
Ri291 = hi1hogy — hishoy = det(hy;) = K det(gr) ,

which yields the first equality of (2.9]). The second equality follows by symmetries of the
curvature tensor (see Exercise Z9[6]). Indeed,
% = Rigo1 9" 9% + Roti2 929" + Risin 929°" + Roio1 99"

— R1221 (911922 + 922911 _ 912921 _ 921912)

=2 R1221 det(g”) s

Rijug'g

which establishes the second equality of (2.9). O
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The theorem says that the Gauss curvature can be computed merely from the knowledge
of the metric and its derivatives. The metric is determined by tangent vectors only, so the
Gauss curvature can be computed by a “resident on the surface”, without knowledge of (or
reference to) the shape of the surface in R?. That is why the Gauss curvature is an intrinsic
quantity of the surface.

This is indeed remarkable, because the Gauss curvature was defined in terms of the second
fundamental form, which is dependent on how the surface “sits in space”. Indeed, by an
orientation-reversing isometry, the second fundamental form and the other curvatures differ
by a sign (recall Proposition and its proof). That is why the mean and principal
curvatures are eztrinsic quantities of the surface.

2.8 Geodesics

Recall (Definition 2.14) that a unit-speed curve v = p : I — R? on the surface p : U — R3
is a geodesic if, and only if, its geodesic curvature x, vanishes. The geodesic curvature was
defined via the unit normal vector field n, see (25). However, the following claim reveals
that geodesics are actually intrinsic quantities of the surface.

Proposition 2.21 (Geodesic equations). Let vy =pofB: 1 — U — R? be a unit-speed curve
on the surface p : U — R3. Then

v is a geodesic — B+ Fiﬁjﬁi’ﬁj’ —0

Proof. Recalling the abuse of notation of writing p; instead of p; o 3, we have
kg =nxv-~4"=nx 5i,p,i ) (ﬁj/p,j), — X Bi/p,z‘ ) (Bj”pJ n 5j/5k/p,jk)-
Using Lemma 217, we get
Kg =Pi XDPj- nﬁilﬁj” +Dpi X (Pék P+ hjkn) - nﬁilﬁjlﬁk/
= pa xpa-n(BYB = B¥BY) 4 py x pa-n (T2 Y — Tk 52)57 8"
— p x pal [BV(8% + T2 878") — 6%(8" + T, 678%)]

From this identity, it is evident that the geodesic equations imply x, = 0. Conversely, if
kg = 0, then it follows that

: / /

(B + D3 578" 5% + T3 57'8%) = e (8, 5 (2.10)

where ¢ : I — R is a function to be determined. The fact that ~ is unit-speed is equivalent
to 5"g;37" = 1. Differentiating this identity, we obtain

26" g;; 87" + gij,kﬁilﬁjlﬁk, =0.

Taking the inner product (with respect to the metric ¢g) of both sides of (ZI0) with the
vector (81, 3%), using the last identity and recalling Definition 216, we get

C=(ﬂ"+T%6H%59mBW
1
= 35 glmk Bllﬁmlﬁk, ( 9ik,m + Gkm,j + 9Imyj, k) B] Bklﬁm/
= O.
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Since ¢ vanishes, (2I0) yields the geodesic equations. O
The following observation demonstrates that geodesics represents a generalisation of straight

lines in the Euclidean plane. (Recall that our definition of a straight line requires that it is
a constant-speed curve.)

Proposition 2.22. If the surface p : U — R3 is planar, then geodesics are straight lines.

Proof. Without loss of generality, we can take the parameterisation p(u',u?) := (u!,u?).
Then g;; = 4;; and Ffj = 0 identically. Therefore, solutions of the geodescis equations are
straight lines. O

Example 2.23 (Geodesics on surfaces of revolution). Recalling Examples and 2.7 we
find that all the Christoffel symbols vanish except for

/
r
1 _ ! 2 _ 12 _

Writing (81(¢), 8%(t)) =: (s(t), ¢(t)), the geodesic equations read

For the second differential equation, we immediately get the general solution

¢'(t) =

r(s(t))?

where ¢; € R. Let us focus on geodesics starting at a point (s(0),¢(0)) = (so,¢0) €
(0,00) x (0,27) with velocity (s'(0),¢'(0)) = (£1,0). The latter requires that the initial
direction is within the meridian ¢(t) = o, while s'(0) = %1 is necessary to ensure that the
geodesic is unit-speed at this point. Then ¢; = 0, so ¢’ = 0 identically. Plugging this result
to the first equation of (2Z.11]), we get s”(¢) = 0, which gives the general solution

s(t) = cot + c3,

where co,c3 € R. The initial conditions yield ¢c3 = sg and ¢; = +1. In summary, the
searched geodesic is the meridian curve ¢(t) = ¢y parameterised by arc-length (see the blue
curves emanating from the pole in Figure 2.7]).

For the particular examples of the plane and the sphere, any point can be considered as
the pole with respect to which it is the surface of revolution. For the plane, we therefore
reproduce the result of Proposition 2.22] that the geodesics are straight lines. For the sphere,
the geodesics are the great circles (for instance, the equator), see Figure 2.8 &
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2.9

Figure 2.8: Thick blue curves as examples of great circles on the sphere.

Exercises
Compute the curvature and torsion of the meridian from Figure

Show that the parameterisations py+ and p of Example are (regular) surfaces.
Compute their fundamental forms and curvatures.

Show that the parameterisation p of Example is a (regular) surface. Compute its
fundamental forms and curvatures.

. Find a sufficient condition (involving r,.,) which guarantees that p of Example 2.4]is
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a (regular) surface. Compute its fundamental forms and curvatures.

. Prove the second equality of (Z.6). More generally, given any u,v € R? and A € R3*3
show that
(Au) x (Av) = cof(A) (u x v),

where cof(A) denotes the cofactor matrix of A.
Hint: Establish first the following facts.

(a) (u xv); = g, uiok.
(b) (cof A)/ =L ejqp e A% A,
(c) eiape®d = §S08 — 625¢.
Here
+1 if (ijk) is an even permutation of (1,2,3),
gijk = —1 if (ijk) is an even permutation of (1,2,3),
0 if any two indices are equal.

is the Levi—Chvita symbol

. Use Lemma .19 to deduce the following symmetries of the curvature tensor:

Rijri = —Rjiry  (interchange of the first two indices) ,

Rijii = —Rijir  (interchange of the last two indices) ,

Rijri = Riyij (interchange of the first and second pair of indices) ,
Rijki + Rjkit + Ryiji = 0 (cyclic permutation of the first three indices) .

The first three symmetries imply that the curvature tensor is totally determined by
Ri291 = Ro112 = —Ri212 = —Ro101; all the other coefficients are equal to zero. The
last symmetry is called the (first or algebraic) Bianchi identity.

7. Compute fundamental forms and curvatures of the surfaces from Figure 2.9
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hyperboloid of one sheet paraboloid
Pyt —2t=1 z =%+ y?

hyperbolic paraboloid monkey saddle
2z =y? — 2? 2 =23 — 3zy?

Figure 2.9: Examples of the most famous surfaces.
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3 Manifolds

Our Definition 2.1l of (parameterised) surfaces has several defects.

e First, the restriction to two-dimensional surfaces is not really important. It is easy to
extend Definition 1] to “surfaces” of arbitrary dimensions and codimensions p :
U CR" = R? with any 2 < n < d, just by imposing the requirement rank p’ = n.

e Second, more importantly, it is possible to extend the definition to a surface being a
collection of such parameterisations (covering the sphere for example). In this way, it is
possible to go from local to global properties of a surface.

e The major defect of Definition 2.I], however, is the dependence on the ambient space R?
(or R in the more general setting above). The main idea of manifolds is to stay intrinsic.

Quoting [3, § 0.1], although the necessity of an abstract idea of surface is clear since Gauss
(1777-1855), it was nearly a century before such an idea attained the definitive form that
we present here.

3.1 Topological manifolds

Intuitively, a manifold is a metric space M which “locally looks” like the FEuclidean space.
This is formalised by the following requirement:

Vp € M, dneighbourhood U Cc M & n €N, U is homeomorphic R™. (3.1)

Homeomorphic means that there exists a bijective map ¢ : U — R" which is continuous
and whose inverse ¢! is also continuous, see Figure B.11

By definition, a neighbourhood of a point p € M is a subset U C M which contains an
open set containing p. From properties of bijective continuous maps, it follows that the
neighbourhood in the definition above must necessarily be open. Instead of considering
homeomorphisms from open subsets of M onto R", it suffices to consider homeomorphisms
onto open subsets of R™.

M R"

Figure 3.1: A manifold is an object which locally looks like the FEuclidean space.

It is not difficult to see that the natural number n in our definition is unique. We denote
dim M =: n and say that M is n-dimensional (metric) manifold. If we want to indicate
that M has dimension n, we also write M".

In Definition 2.1}, the role of the homeomorphism ¢ is played by the inverse of the parame-
terisation, i.e. ¢ = p~!. This leads to some reverse of notation, namely p now stands for a
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point on the manifold (i.e. on the image of the surface p : U — R3 before). Moreover, now U
and ¢(U) are the ancient p(U) and U, respectively. A point in the Euclidean space R™ is
typically denoted by z = (z!,...,2") (instead of u = (u', u?) before).

The simplest example of a manifold is the Euclidean space R™ (or any open subset of it).
The only connected 1-dimensional manifolds are the real line R (or any open interval of it)
and the circle S! := {z € R? : |z| = 1}. Another canonical example is the n-dimensional
version of the sphere of Example

N =(0,R)

Figure 3.2: Stereographic projection.

Example 3.1 (n-sphere). By the n-dimensional sphere (or simply n-sphere) of radius R > 0
we mean the following subset of the Euclidean space R™:

p={" . e eR"™: @)+ 4+ @) =R}

Using n-dimensional generalisations of the parameterisations of Example (i.e., either
the Cartesian or hyperspherical coordinates), it is possible to cover the n-sphere by several
charts. A more elegant way, which leads to merely two charts, is the stereographic projection

o:SE\{N} > R": {P— u},

where N := (0,...,0, R) is the north pole (the second chart would be obtained by using the
south pole instead) and u := (u', ..., u") is the point in the hyperplane {z"*! = 0} that we
obtain as the intersection of this hyperplane with the line connecting the points N and P,
see Figure B.2l Elementary geometric considerations lead to the formula

RE

a(P):R_T, where P =(£7)€eR" xR,

2R%y |u|* — R?
1 .
= (G R )

and consequently
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The latter represents a parameterisation of S% except for the north pole.

If R = 1, we abbreviate ST =: S". To be consistent with Example[2.2] we also write S% =: Sg
if n=2. &

More generally, in our definition of manifold above, it is possible to replace “metric” by
“topological”. In this more general setting, it is necessary to exclude some really pathological
creatures and to this purpose to assume two extra properties:

1. M is Hausdorff (every two distinct points have disjoint neighbourhoods);
2. M is completely separable (its topology has a countable basis).

The two properties are not “local properties”. More specifically, although they are both
preserved by homeomorphisms (and the Euclidean space R™ satisfies both), the local con-
dition (B.J]) does not imply that M is Hausdorff and completely separable.

By definition of a topological manifold, there exists a family {¢;};c; of homeomorphisms
¢; : U; C M — R"™ covering M, i.e.,

Juviom,

ieJ

where J is an index set (possibly uncountable). The topological hypotheses above guarantee
that the index set can actually be chosen to be countable. Moreover, we can assume that
the covering is locally finite, i.e., for every p € M there exists a neighbourhood W such that
W NU; # @ for only a finite number of indices ¢ from the index set J.

3.2 Differentiable manifolds

On a general (metric or topological) manifold, the notion of a continuous function f : M — R
makes sense, but the differentiability does not. (Recall that “smooth” or “differentiable”
always means C*°-smooth.) Indeed, consider two homeomorphisms ¢ : U — R" and ) :
V — R" such that U NV # @. Then the function fo ¢! : R® — R can be differentiable,
while it is not necessarily true that f o ~! is also differentiable. Indeed, this is clear from
writing
fo ™t =Ffog lo(poy)

and choosing ¢ := h o1, where h : R® — R" is a homeomorphism that is not differentiable.
To develop differential calculus on manifolds, it is necessary to adorn our manifolds with an
additional structure.

An atlas (or differentiable structure) A for a manifold M is a family of homeomorphisms
whose domains cover M and any pair of elements ¢, € A are smoothly compatible in the
sense that the transition maps

Yoot UNV)=yp(UNV

bovl: YUNV) s oUny) YT (32)

~— ~—

A particular member ¢ € A with domain U (3 p) is called a chart (or coordinate system
on U) for M (at point p). If we want to indicate the domain U > p (called the coordinate
neighbourhood of p), we also write (¢,U) for the chart. A customary (but occasionally
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confusing) notation for the individual chart is the letter z, in order to identify the point
p € M with the point z(p) € R™, which has “coordinates” (z'(p),...,z"(p)).

It remains to think a little bit about the (non-)uniqueness of the atlas choice: In general, we
have many choices of different atlases, which lead to the same differentiable structure for M.
However, every atlas for the manifold M is contained in a uniquely determined mazimal
atlas (which is not contained in any strictly larger smooth atlas).

A smooth (or differentiable) manifold is a topological manifold endowed with a maximal
atlas. Schematically,

differentiable manifold := manifold + maximal atlas.

(The adjectives “smooth” or “differentiable” will typically be omitted.)

3.3 Functions

Let M, N be two manifolds, dim M = n and dim N = m. A function F': M — N is called
smooth (or differentiable) at point p € M if for every coordinate systems (z,U) for M at
p € M and (y,V) for N at F((p) € N the function

yoFoxz !': R" - R™

is differentiable at z(p) € R™, see Figure 3.3 The fact that this definition is good, i.e.
independent of the choice of charts, follows from the condition of compatibility (8.2]). Note
that the function F' is necessarily continuous.

Rﬂ, Rﬂl

Figure 3.3: A function between manifolds and their charts.

In the case that there is a smooth function F' : M — N which is a diffeomorphism, we say
that the manifolds M, N are diffeomorphic.

Given a smooth function f: M — R and a coordinate system (z,U), we define

883]; =0i(fox Houz, (3.3)
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where 0;g denotes the usual partial derivative of g : R” — R with respect to the i-th variable.
The expression (3.3)) defines a function from U C M to R. In an arbitrary point p € M, we

have
af o of
oxt , T Ot

(p) = 0i(f o x™ ") (x(p)). (3.4)

The function f = fox !t :2(U) C R" — R is called the coordinate representation of the
function f. (A confusion begins when the two functions f and f are identified, which is a
very common practice of differential geometry.)

Now, consider two coordinate systems (z,U) and (y, V') for the same manifold M. On the
intersection U NV, we have an analogy of the classical chain rule

of &Ejﬁ
oyt Oyt Oxd

(3.5)

Here we continue to use the Einstein summation convention, the range of indices being
,7=1,...,n.

We have
Ox? Oxt
' F(p) cee W@)
N ox’ y. y.
(@oy™ ) (y@) = { 55 ?) = : : 7
Y Ji=1,...,n 8xn axn
ayl(p)--- ayn(p)

where on the left-hand side there is the Jacobi matrix of the mapping z o y~! at point y(p)
and on the right-hand side there is the n x n matrix of formula (3.1]). It is a regular matrix
and one has

oo = (220 = (Lm) = wer )

3.4 Immersions and embeddings

More generally, consider a smooth function F' : M" — N™, a coordinate system (z,U)
for M™ at p € M™ and a coordinate system (y, V') for N at F(p) € N™. We define the
rank of the function F at the point p € U to be the rank of the m x n Jacobi matrix of the
mapping y o F oz~ ! : R" — R™ at the point z(p):

rank F'(p) := rank (y o F oz ) (2(p)). (3.6)

The definition does not depend on the choice of the coordinate systems. Recalling defini-
tion (B.3]), we get the alternative expression

J
rank F'(p) = rank (W(p))
€ (i) e{L,..om}x{1,...n}
Ay'oF) Ay' o)
T(p) e W(P)
= rank : :
Ay™ o F) y™oF)

T(P) W(P)
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A point p € M is called a critical point of the function F' (and F(p) is a critical value of F)
if rank F'(p) < m; otherwise p is called a regular point of F' (and F(p) is a reqular value
of F'). If M has at most countably many components then (according to Sard’s theorem)
the critical values of F' form a set o measure zero in N.

The most interesting situation is the setting n < m, when the following definition makes
sense:
F:M"— N™ is an immersion = rank F'=n.

Since n = dim M™ = dimker F'(p) + rank F'(p), where dimker F'(p) is defined in analogy
of the rank in (B.6) (more specifically, as the dimension of the kernel of the derivative
D(yo Foxz™') at z(p)), we see that F' : M™ — N™ is an immersion if, and only if, the
derivative D(y o F oz ')(z(p)) : R* — R™ is injective (or, equivalently, the Jacobi matrix
(yo Foxz ') (x(p) induced an injective mapping from R" to R™). By the inverse function
theorem, we get that the function F' is a local diffeomorphism.

Various scenarios for curve immersions can be seen in Figures [[3] [[4 and [L3 (Recall that
v : I — R? with I open is an immersion if, and only if, the curve is regular.)

A stronger property is the following definition:

I M - N™ beddi F' is an injective immersion ,
: — is an embeddin, =
J F: M — F(N) is a homeomorphism .

Here the second property means that F' is a topological embedding (the homeomorphism is
understood with respect to the subspace topology). (Occasionally [5], by an embedding it
is merely understood an injective immersion and our property is called a proper embedding.
Later, we shall see that our terminology is more consistent.)

The curve 7, from Figure is an embedding, while the curves v_; and =, from Figure [[L4]
and the curves from Figure are not embedded.

A subset M C N is called an immersed submanifold if the inclusion map v : M — N : {p —
p} is an immersion. Here it is important that M can be equipped with a topology and a
differential structure which differ from the topology and differential structure induced by
the superset N.

If the inclusion map ¢ is in addition an embedding, then M C N is called an embedded
submanifold or simply submanifold.

Immersed submanifolds are counter-intuitive from several respects, but they are important
for certain application (e.g., for considering self-intersecting curves). They usually arise in
the following way. Let I, N be smooth manifolds and let us consider the injective immersion
f:I— N (e.g., the curve v : Iy — R? from Figure [L.4]). On the image M := f(I) C N we
define the topology by declaring that U C M is open if, and only if, f~1(U) C I is open.
With this topology, M is clearly a topological submanifold homeomorphic to I. Moreover,
there is a unique smooth structure on it such that f : I — M is diffeomorphism (the
smooth charts are just the maps of the form ¢ o f~!, where ¢ is a smooth coordinate chart
of I). With this topology and smooth structure, ¢ : M — N is clearly a smooth immersion,
because it can be realised as a composition of a diffeomorphism and an immersion:

ML TN,

In summary, M is an immersed submanifold of N.
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If M is an immersed submanifold, then it follows from the procedure above that the inclusion
map ¢ : M — N is an injective immersion. Immersed submanifolds can therefore be char-
acterised as images of injective immersions. It is evident that every embedded submanifold
is automatically an immersed submanifold. The converse is of course false: An immersed
submanifold M is embedded if, and only if, its topology is induced by the superset .

In a certain sense, it is always possible to restrict ourselves to embedded submanifolds in
a Euclidean space, because (by the Whitney embedding theorem) any smooth connected
manifold M can be embedded to R™ with a sufficiently large m.

3.5 Vectors and the tangent space

Next we would like to define the notion of tangent vectors on manifolds. For this purpose,
we are inspired by the surfaces of Section 2l There, given a surface p : U — R3, we can
understand the tangent vector at a point p = p(u) € p(U) =: M as the velocity ' of a curve
v:=pof:I— U — R3 passing by the point, see Figure 3.4l Since we do not have at our
disposal the support of the ambient space (to define the velocity of the curve v : [ — M
as a derivative), we have to find a characteristic property of the tangent vector which will
substitute for the idea of velocity.

Figure 3.4: The tangent vector as the velocity of a curve on a surface embedded in R3.

Let v : (—e,6) = M C R3 with € > 0 be a curve such that v(0) = p. Let us write
T = +'(0) = (v7(0),7%(0),7%'(0)). Let f : R® — R be a smooth function defined in a
neighbourhood of the point p. Considering the restriction of the function on the curve, the
directional derivative with respect to the vector T" reads

(f29)(0) = @uf)(P) 2" (0) = (TFO)| f=T- VI, f.
Therefore, the directional derivative with respect to T is an operator on functions that

depends uniquely on 7. This is the characteristic property that we are going to use to
define tangent vectors on manifolds.
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Definition 3.2. Let v : (—e,¢) — M with € > 0 be a smooth curve such that y(0) = p.
The tangent vector to the curve v at 0 is the function

7(0): C*(M) = R:{f = (f27)(0)}.

A tangent vector at p € M is the tangent vector to some smooth curve v : (—¢,¢) - M
with € > 0 at 0 satisfying 7(0) = p. The set of all tangent vectors to M at p is called the
tangent space of M at p and denoted by T,,M.

Let us choose a coordinate system (z,U) at p and write (z o ¥)(t) =: (¥*(¢),...,v"(t)).
Using definition (B.3]), one has

02| s,

k
&Up

WI(O)JC = (f ox lox 07)’(0) — %(p) Wk/(()) _ 719

Omitting the function f, we get a coordinate expression of the tangent vector +/(0):

0

7(0) = 4*(0) 5| - (3.7)

From this, we see that a%k » is the tangent vector at 0 to the “coordinate curve”

tes 2 10,...,t,...,0),

where ¢ stands on the k-th place.

From the formula (3.7)), we see that the tangent vector to the curve v at 0 depends only
on the derivative of v in a coordinate system. Using the usual operations on functions, it
follows that T}, M is a vector space. Since the vectors

0

Ot

0

’...7—n
) ox

p

form a (coordinate) basis of the tangent space T,M, we see that dim7T,M = dim M = n.
This linear structure of 7),M does not depend on the choice of the coordinate system.

From the formula (37), we also see that 7,M can be identified with the set of n-tuples

(€Y, ... &™) with respect to a coordinate system (z!,...,z"), which transform according to

the formula

§= 2o
dx? |,
when passing to another coordinate system (z',...,2"), ¢f (B.5).

A linear map X : C*°(M) — R is called a derivation at p € M if (in addition to the
linearity) it satisfies the Leibniz rule

Vf,g € C=(M), X(fg) = f(p)X(g9) +g(p)X(f)- (3.8)

The tangent space T,M can be identified with the set of all derivations at point p € M.
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3.6 Push-forwards

Let M, N be two smooth manifolds and consider a smooth function F' : M — N. For an
arbitrary point p € M, let us define the push-forward F., :T,M — Try) N by

VX € T,M, f e C®(N), (Fop X)(f) = X(fo F). (3.9)

The transformation F,, is clearly linear and it is a derivation at F'(p) in the sense of def-
inition (B.8). If F' is diffeomorphism, then F, is an isomorphism. If P is another smooth
manifold and G : N — P is another smooth function, then

(GoF)uy= Girp) o Fop : TyM = Tigor)(p) P -

Let us explore how push-forwards look in coordinates. Let (z,U) be a coordinate system at
p € M"™ and (y, V) be a coordinate system at F(p) € N™. Denote

F:=yoFoz ' :2x(UNF V) = yV),

coordinate representations of the functions f and F', respectively. Then

0 0
(F*p%p> (f): ori p(foF)
= 0;(f o Fox™")(x(p))
= 0i(f o ) (x(p))
= (0,/)(F(p)) (0.7 (x(p))
) () -2
= OFa0) 55| (0
Thus, omitting the auxiliary function f,
0 y 0
Fo 5 = (0:F7)(2(p)) |y

from which we see that the matrix of the map F, with respect to the coordinate bases

(% RER % p) and (%}F(p)’ ey %%}F(p)) of tangent spaces T,M and Tr()N, respec-
tively, is the Jacobi matrix
OF' ... 0,F" B o F)
. . . Yy ©
M) = | | o) = ey = (M2 w)
alFm o 8nFm (4,9 e{1,...,m}x{1,...,n}

(This is a reason why the push-forward F\, is occasionally called the differential of the
function F' at p and denoted by dF},.)

3.7 Curves on manifolds

Let us look more closely on curves on manifolds and establish a relationship between their
tangent vectors (Section B.5) and push-forwards (Section [B.6]).
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Let v be a smooth curve on a manifold M, i.e. smooth mapping v : I — M, where I C R
is an open interval.

As for the curves in the Euclidean space, v can be self-intersecting and have “corners”, see
Figures [L.3] and [.4l The corners can be prohibited by the additional hypothesis that v is
an immersion, i.e. the image (/) is an immersed submanifold of M. The smooth curve
v : 1 — M is an immersion (and its image () is an immersed submanifold) if, and only
if, v is regular (i.e. v/(t) # 0 for all ¢ € I). The self-intersections can be prohibited by the
stronger requirement that the image (/) is an embedded submanifold of M.

Let tg € I. Let us denote by the canonical letter ¢ the identity map ¢t : I — R : {t — t},
which represents a coordinate system of the manifold 7, and write

d
dt

-9
W Ot

to

for the standard coordinate basis of 7;,/. On smooth functions f : M — R, the tangent
vector to the curve v at ty acts as follows (recall Definition B.2)):

d d
"(to) f = "(to) = — = Yoto —| [
V) = (For/io) = g (o) =va 5| S
Omitting the function f, we get
, d
v (tO) = YVato & € Tfy(to)M .
to
dy . dy

An alternative notation is (o) or 3 .- Moreover, the abbreviation 3 := 3|, is commonly

used, where the letter ¢ on the right-hand side denotes both the identity chart as well as
one special point t € I.

If the interval I is not open, we still say that v : [ — M is a curve, provided that the
mapping 7 is a restriction of a curve 7. More specifically, there exists an open interval I O [
and a curve 4 : I — M such that 3|; = 7.

3.8 The tangent bundle and vector fields

The tangent bundle of a manifold M is a disjoint union of all tangent spaces:

TM ::U T,M .

peM

We consider an element of this disjoint union to be an ordered pair (p, X), where p € M
and X € T,M. Define the projection map

7:TM — M :{(p,X) — p}.

The tangent bundle can be endowed with a natural topology and differential structure to
make it a smooth manifold. One has dimT'M = 2dim M and 7 is smooth. Indeed, for the
smooth chart ¢ : TM — R?" one can choose

o(p, X) = (:pl(p),...,xZ(p),Xl,...,X"),
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where (z,U) is a coordinate system of M at p and

0

X = X!
ox™ »

A physical interpretation of the tangent bundle is the phase space in classical mechanics.

A wvector field X on a manifold M is a section of the tangent bundle T'M, which means a
continuous map X : M — T'M : {p — X, } such that X, € T,M. (Here we write the value
of X at p as X, or X|, instead of X (p) to avoid conflict with the action of a vector on a
function p.) Given a coordinate system (z,U), we can write

0
oxt )

X, =: X'(p)

9

where X% : U — R are called component functions of X with respect to the given chart .

A vector field X is smooth if, and only if, the component functions are smooth for any chart
(z,U). At the same time, a vector field X is smooth if, and only if, the function X f is
smooth for any smooth function f: M — R. For instance, the coordinate vector field

ap}

or’

0
or’

:U—>TU:{pr—>

is a smooth vector field.

Any vector can be extended to a vector field. More specifically, for any point p € M and a
vector X € T, M, there exists a smooth vector field X on M satisfying X = X.

The set of all smooth vector fields on M is denoted caligraphically as follows:
T(M) ={XeC®°M,TM): X,eT,M}.
Let f: M — N be a smooth function and f,, : T,M — T} N the corresponding push-

forward. Then f, : TM — TN denotes the union of all fip. For this reason, we shall often
omit the point p in the notation of push-forward.

3.9 Covectors and cotangent space
A covector at p € M is an element of the cotangent space
oM = (T,M)",

which is by definition the dual space of the tangent space T,M. A covector is thus a linear
functional w : T,M — R. Given an arbitrary basis (Ei,..., E,) of T,M, the functionals
(o, ..., ¢") defined by the relations (Vj,k =1,...,n)

¥ (By) = 0
form a (so-called dual) basis of Ty M. Thus dimT; M = dim T, M.

The cotangent bundle of a manifold M is a disjoint union of all cotangent spaces:

T*M = U T*M

peEM
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A covector field w on a manifold M is a section of the cotangent bundle T*M, which
means a continuous map w : M — T*M : {p = w,} such that w, € Ty M. (Here we
again write the value of w at p as w, or w|, instead of w(p) to avoid conflict with the
action of a covector on a vector p.) The section w is smooth if, and only if, the function
w(X): M —R:{p— wy(X,)} is smooth for all vector fields on M. The set of all smooth
covector fields on M is denoted caligraphically:

T(M) = {w € O°(M,T*M) : w, € T;M}.

Let f: M — R be a smooth function. A differential df of the function f is the smooth
covector field satisfying

VX eT,M, df,(X) = X(f). (3.10)
In particular, if (x, U) is a coordinate system at p € M, then da’ for i = 1,...,n are smooth
covector fields on U, called coordinate covector fields. From the definition, we get
) 0 )
| (_. ) .
p oxJ » J
It follows that (dz'| ..., dx"|)) is a basis of the cotangent space Ty M, which is dual to
the coordinate basis (% b a% p). For an arbitrary section of T*U, we therefore have

the unique decomposition A
Wp :wl(p) de’p )
where w;(p) : U — R are called the component functions of the covector field w with respect

to the chart . A covector field w is smooth if, and only if, the component functions are
smooth for any chart. We have the following formula with a classical flavour:

of

- dat .
oxt .

df =

3.10 Pull-backs

Let M, N be two smooth manifolds and consider a smooth function F : M — N. Recall
that, for an arbitrary point p € M, we have defined the push-forward F,, : T,M — TrpN
by formula (3.9)). Since F, is a linear map between vector spaces, there exists a dual map

Fri=(Fy)": TppyN — TrM

p

called pull-back and satisfying

Vw € Tpyy, X €T,M, (Fyw)(X) == w(FpX) .
In general (except for the special situation when F is a diffeomorphism), it is not true that
the push-forward image F,,X of a smooth vector field X on M is a smooth vector field
on N. The surprising fact about pull-backs is that they always pull smooth covector fields
back to smooth covector fields. Indeed, let w be a smooth section of T*N. Then we can
define the smooth section F*w of the cotangent bundle T*M by

(Fw)p = Fy wrg) = wrg) © Ly
or, more precisely, (F*w),(X) := wp(p) (FipX,) for any vector field X on M.

The symbol f*:T*M — T*N denotes the union of all 7. For this reason, we shall often
omit the point p in the notation of pull-back.
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3.11 Orientation

We say that a manifold M is orientable if it admits an atlas {¢; };cs such that

det ((¢;0¢;1)) >0 (3.11)

for every pair of indices 7,j from an index set J satisfying that the intersection of the
domains of ¢; and ¢; is not empty. In the opposite case, we say that M is non-orientable.

If M is orientable, a choice of an atlas satisfying (B11]) is called an orientation of M. With
this choice, M is said to be oriented. Two atlases satisfying (B.I1)) determine the same
orientation if their union again satisfies (B.I1]). It is not difficult to verify that if M is
orientable and connected there exist exactly two distinct orientations on M.

Now, let M, N be two manifolds and ¢ : M — N a diffeomorphism. It is easy to verify
that M is orientable if, and only if, NV is orientable. Let us assume in addition that M, N are
oriented and connected. Then, given the orientation on M, the diffeomorphism ¢ induces
an orientation on N, which may or may not coincide with the initial orientation of N.
In the first (respectively, second) case we say that ¢ preserves (respectively, reverses) the
orientation.

Proposition 3.3. If M can be covered by two charts in such a way that the intersection of
their domains is connected, then M 1is orientable.

Proof. Let us assume that M is covered by two coordinate neighbourhoods U; and U, such
that U; N Us is connected. Since the determinant of the Jacobi matrix corresponding to the
change of coordinates is non-zero, it cannot change sign on the intersection U; N Us,. If it is
negative at a single point, it suffices to change the sign of one of the coordinates to make it
positive at that point, hence on U; N Us. O

This proposition can be used to show that R™ (covered by the identity map) is orientable. At
the same time, the n-dimensional sphere S} of Example B.1] (covered by two stereographic
projections) is orientable. A notoriously known example of a non-orientable manifold is the
Mobius strip from Figure [2.4]

3.12 Partition of unity

An immensely useful tool in differential geometry is the so-called partition of unity. It
enables one a passage from local to global properties of manifolds. Its existence holds in
the full generality of topological manifolds satisfying the two axioms of Section B.J] (i.e.,
the Hausdorff axiom about the disjoint neighbourhoods and the axiom about the complete
separability).

Let {V;}ics C M be a family of open sets covering M. Here J is an index set that can be
finite or infinite (but countable). Thanks to the topological axioms from Section Bl we
can also assume that the covering is locally finite. Moreover, by a potential refinement of
the covering, we can also assume that each of the open sets V; is contained in a coordinate
neighbourhood of M.
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Definition 3.4. A family {f;},c; C C(M) is a partition of unity subordinate to the cover
{Vitiecs C M if:

() Vied, 0<fi<1;

(2) Vie J, suppfi CV;

3) YpeM, Y filp)=1.

e

As we have already mentioned, such a family of functions always exists. (Of course, it is
not unique, see Figure 3.5])

fi(x)

0.8 -
0.6 -
0.4 -

02

L ) ) !
-1.0 -0.5 - 0.5 1.0

Figure 3.5: Two different partitions of unity {fi, fo} subordinate to the double cover {1, I}
of the interval [ := (—1,1).

3.13 Tensors

An element of T(M), i.e. a vector field, is occasionally called a contravariant vector field or
also a contravariant tensor of order 1. An element of T*(M), i.e. a covector field, is then
called a covariant vector field or also a covariant tensor of order 1. This a warning that
worse things are to come.

A smooth covector field w € T*(M) maps a smooth vector field X € T(M) to a smooth
function:

w:T(M) = C®(M) A{X —w(X)}.
Moreover, this identification is linear over C*(M):
VXY € T(M), fg€ CF(M),  w(fX +gY) = fw(X)+gu(Y).

The notion of a covariant tensor is a generalisation of these observations.

Definition 3.5. A (covariant) tensor T of order k € N* on a manifold M is a mapping

T:T(M)x---xT(M)— C>®(M),
k—t‘ir,nes

which is multilinear over C*°(M). The set of all tensors of order k on M is denoted by T%(M).
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The multilinearity over C*°(M) means the linearity in C*°(M) in every argument, i.e.,
T(Xh,fXZ—'—gY,,Xk) = fT(Xl,,X“,Xk) +gT(X1,7Y,7Xk)

for arbitrary functions f, g € C°°(M) and vector fields Xi,..., Xy, Y € T(M).

Definition is consistent with the aforementioned motivation. Indeed, T'(M) = T*(M).
For consistency, we also define T%(M) := C°°(M), i.e. smooth functions are understood as
covariant tensors of order 0.

e Every tensor T has a superlocal character in the sense that T'(Xy,...,Xy) at p € M
depends only on the values of the vector fields X, ..., X} at the point p. Indeed, if (z,U)
is a coordinate system at p, then the multilinearity implies

T(Xy,. .., Xg) = X{ X Ty,

where X' € C(U) are the component functions of the vector field X; € T(M), i.e.

X, = lela soand Ty, =T (3%, - - - amJk) € C™(U) are the component functions of

the tensor T'. From this formula, we see that the value T'(X7, ..., X)) at p depends only

on the values of the component functions at p.

e Vice versa, associating n* smooth functions T](f)]k : U; — R to every chart (x;,U;) of an

atlas of M, one can introduce a global function T : T(M)* — C°°(M) by setting

(X1, X))l = @) X0 0) . XEO0) T L 1),

e

where {f;}ics is a partition of unity subordinate to the cover {U;};c; and lel(i) (p) are
the component functions of the vector field X; € T(M) in the chart (z;,U;). Such a

function represents a tensor if (and only if) the functions Tj(l) i

on intersections of charts. More specifically, if 75, _; and T ....j, correspond to charts

(z,U) and (&,U), then on U N U one has to have (cf B3)

“transform correctly”

~ Oxh Oxh
Joesdt = FEi e T 0y - (3.12)

Quoting [12, Chap. 4], classical differential geometry books are filled with monstrosities
like this equation.

Given T € T%(M) and S € TH(M), we define the tensor product T @ S € T*(M) by
(T & S)(Xl, oo ,Xk, Xk-i—la . Xk-i—l) = T(Xl, oo ,Xk) S(Xk—I—la oo 7Xk+l)7 (313)

where X1, ..., Xy € T(M) are arbitrary vector fields.

In a similar manner, it is possible to introduce contravariant tensors of order k (as multi-
linear mappings over C°°(M) from T*(M)* to C*°(M)) and even mixed tensors of arbitrary
orders. For reasons of economy, we restrict ourselves to covariant tensors. Moreover, on
Riemannian manifold (to which we restrict below), it is always possible to identify a con-
travariant tensor with a covariant one (and vice versa).
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3.14 Riemannian manifolds

A Riemannian manifold is a smooth manifold additionally endowed with an inner product,
which enables us to measure lengths and angles. Therefore we have the following analogy:

linear algebra: vector space D inner product space
differential geometry: smooth manifold O Riemannian manifold

Let us start by specifying what we mean by the inner product.

Definition 3.6. A (Riemannian) metric on M is a tensor g of order 2 satisfying, Vp € M,

(i) VX, Y e T,M, ¢,(X,Y)=g,(Y,X); (symmetry)
(i) VX e T,M, g,(X,X)>0. (positive definiteness)
X0

Without the knowledge of tensors from Section [3.13] the definition can be understood prag-
matically as follows. In every point p € M, let us consider a function g, : T, M xT,M — R,
which is linear (over R) in each of the arguments, satisfies the symmetry (i) and the positive
definiteness (ii). In addition, we require a smooth dependence on the point p € M in the
following sense:

V chart (z,U) at p, i,j € {1,...,n}, PHQP(%

. %}p) c C=(U).
The function g : T(M) x T(M) — C*°(M) is consequently obtained by setting g(X,Y)|, :=
9p(Xp, V).

Since the function g, : T,M x T,M — R associates to every point p € M an inner product
on the tangent space T),M, it is customary to write

g<X7 Y) = <X7 Y>g :

If the choice of metric is clear from context, the index ¢ is omitted.

Definition 3.7. A Riemannian manifold is a manifold endowed with a metric.

We write (M, g), where M is the manifold and g is the metric on M.

The following claim shows that every manifold can be upgraded to a Riemannian manifold.

Proposition 3.8. Every manifold admits a metric.

Proof. The claim is an analogy of the classical fact that every finite-dimensional vector space
admits an inner product (for every finite-dimensional vector space is isomorphic to some
Euclidean space, in which we have the standard inner product). The proof for manifolds
is analogous by using the local identification of the manifold with the Euclidean space and
the partition of unity (recall Section 3.12)) to define the metric globally. Indeed, on every
set V; from the global cover it is clear (using that M is locally diffeomorphic to R™) how to
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introduce the metric gl(,i) at any point p € V;. For every point p € M and X,Y € T,M, we

then define '

e

It is easy to verify that this construction defines a metric on M. O

As in the Euclidean geometry, we introduce:

o length (norm) of a vector X: | X|:= /(X, X);
(X, Y),
R

e X 1Y (vectors X,Y are orthogonal) :<= (X,Y) =0 (the angleis 7).

e angle between vectors X, Y #0: 6 € [0, 7| satisfying cos§ =

Let v : I — M be a curve on a Riemannian manifold M. Recall (see Section B.7) that the
tangent vector 7' to the curve 7y at ¢y € I is defined via the push-forward v/ (tg) := 7, % ‘to’
where ¢ denotes the identity map ¢ : I — R : {t — t}. The length of the curve ~y is defined
by

L) = [ )] d. (3.14)
I
The length of the curve restricted to a subinterval I’ C I is defined analogously.

Let (Ey, ..., E,) be an arbitrary local frame on T M, i.e. n smooth vector fields defined on
an open set U C M such that (Ei|,,..., E,|,) is a basis on T,M for every p € U. Let
(¢',...,¢") be a dual frame on T*M, i.e. n smooth covector fields satisfying ¢'(E;) = 5.
Then we can locally write

9=0; '@ =gij o', g = (B, Ej),

where the second equality employs the symmetry of g together with the definition of the
symmetric product

i g L, i i i
o'’ :25(90 R+ R¢).

In particular, if (z!,...,2") are local coordinates on M, then (%, e %) is a coordinate
frame on TM, (dz!,... dz") is the dual frame on T*M and we have
= g;; datda’. i ) (3.15)
g Gij 9ij oz’ Oxd

3.15 Riemannian submanifolds

Recall that the simplest example of a differentiable manifold is the Euclidean space R”
endowed with the identity map = : R” — R" : {p — p} forming an atlas. In these (global)
coordinates, the usual inner product on R” corresponds to the Fuclidean metric

g = 5ij d{L‘ZdZL‘j .

In the special situation of surfaces p : U C R?* — R? from Section [, the image p(U) is an
immersed submanifold of R3. Now we would like to endow it with a natural Riemannian
metric of Definition and relate it with the previously introduced metric of p from Def-
inition The meaning of “natural” is that the Riemannian metric of p(U) is inherited
from the ambient space R3.
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More generally, given a Riemannian manifold (Z\;{ ,§), let M € M be an immersed subman-
ifold defined through the immersion ¢ : M — M. The metric g of the ambient space M
naturally defines an induced metric g on M by

*

g :=1*g. (3.16)
This formula precisely means
Vpe M, VXY e T,M, (ty D)p(X,Y) = Gy (Lap X, 1Y) .

The induced metric is thus a restriction of the ambient metric g on vectors tangent to the
submanifold M.

This definition leads us to the extension of some notions familiar from linear algebra to
manifolds. Let (M, g) and (M, ) be two Riemannian manifolds. An isometry from (M, g)
to (M, §) is a diffeomorphism ¢ : M — M such that ¢*§ = ¢. (In the case of the immersion ¢
above, where ¢ is the induced metric, we thus speak of an isometric immersion, because
v : M — (M) is an isometry.) We say that (M, g) and (M, §) are isometric (or isometrically
equivalent) if there exists an isometry between (M, g) and (M, §). A mapping ¢ : M — M
is a local isometry if for every point p € M there exists a neighbourhood U such that ¢|y is
an isometry to an open set in M. If the manifolds (M, g) a (M, ) have the same dimension,
then ¢ : M — M is a local isometry if, and only if, ¢*§ = ¢.

Let us now look at the special case M = R? with d > n, when M is immersed to the
Euclidean space R? endowed with the Euclidean metric . In local coordinates z of M (and
using the identity map for the ambient manifold R?), one has (cf Section [B.6))

o 8 o aP
9(X,Y) = 0ap (tx X)) (1Y)’ = 00op 7— m— X' Y7,
Ox' Ox7
—_—
Gij
where X, Y € T(M), o, =1,...,dand i,j = 1,...,n. In practice, computations are most
conveniently carried out in terms of a local parameterisation (see Figure 2.T])

p:U—R? with  p(U)C M,

where U C R"™ and p(U) C M are open set. In the coordinates z := p~!os on p(U), one has

o™
oxt

=0i(t"ox oz = (0;p™) oz,

and therefore
gij = Oup (@pa) o (@pﬁ) ox.

Identifying the maps (0;p®) o x and (9;p®), we can simply write
gi; = Oip - Ojp, (3.17)

where the dot - denotes the inner product in R¢. This is just the classical formula ([2.2)). In
matrix formalism, (g;;) = (Vp)(Vp)'.
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3.16 Integration

The notion of Riemannian metric enables one to integrate functions on Riemannian mani-
folds. In particular, a notion of volume of a compact manifold can be introduced.

Let M be an oriented Riemannian manifold, p € M and consider a chart x at p from the
given orientation. Let (Ei, ..., F,) be a positively oriented orthonormal basis of the tangent
space T,M (i.e., (Ey,..., E,) has the same orientation as (3¢ b %}p)). Every vector
of the coordinate basis can be decomposed into the other basis as follows:

= —| = A’E,
ox’ v

p

where A/ € R. Then
ginl, = (Xi, Xi)l, = A AL (B B, =Y AJA7
j=1

Or, in a matrix formalism, (gix|,) = AA”", where A := (A/). Let vol(Xy,...,X,) denote
the volume of the parallelepiped formed by the vectors Xi,..., X, v T,M. Then

vol(X1,...,X,) =vol(Ey, ..., E,) det(A]) = det(A]) = \/det(gi;)

I

P
because vol(Ey,..., E,) = 1. Let us now consider another chart y at p from the given
orientation of M and let us write

Vim ol o duly = (YY)

= A Giklp = \LYi, Yk}, -
oy, P P
Then
det(gw) = VOl(Xl, c. ,Xn) = JVOI(Yl, Cey Yn) =J \/det(&ij) s
P P

where

i

Iy 1y
J = det <8a:j> =det ((yoz™")) >0

is the determinant of the Jacobi matrix of the change of coordinates.

Let Q C M be a domain (i.e. open connected set), which is precompact (i.e. its closure is
compact). Let us assume that 2 C U, where U is the domain of the chart x from the given
orientation of M. Let us assume in addition that z(€2) C R™ is Jordan measurable, i.e. the
boundary 0z(2) has measure zero in R™ (the notion of measure zero in R™ is invariant by
diffeomorphism). Let us define the volume of 2 by the integral

vol(Q) = /x«n (,/det(gﬁ)) ox 1(#) di"...d3". (3.18)

It is customary to denote the variable £ € R™ by the same letter x of the chart = : U C
M — R™. What is worse, it is customary to omit the composition with =% at 7.
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The formula (3.I8) is well defined. Indeed, if € is contained in a domain of another chart y
from the given orientation, then the change of variables for multidimensional integrals yields

(keeping the same notation as above)
(\/ det(gi;) o y_l) (y) dy'...dy".

/;;;(Q) (g/det(gij) o :p_1> (z) do’...da" = /y(g)

Hence vol(£2) does not depend on the choice of coordinates. Here the hypothesis of the
orientability of M enters by guaranteeing that vol(€2) does not change sign by the change
of coordinates.

The integral of a smooth function f : ) — R can be introduced analogously:

/Qf = /m(ﬂ) (f det(gij)> oz Hx) da'...da".

Then, of course, vol(Q) = [, 1.

For a domain €2 which is not necessarily contained in the domain of one chart, the integral
can be introduced with help of the partition of unity as follows:

L= #r

el Y Ving

Here {f;}icr is the partition of unity subordinated to the cover {V;};c; from Section B.12]
but additionally from the given orientation of M.

If M is compact, the definitions above enable one to introduce the integral [ o/ for any
smooth function f: M — R, and in particular vol(M) := [, 1.

3.17 The Gauss—Bonnet theorem

Finally, we present (without proof) the most fundamental and important theorem in differ-
ential geometry, at least as far as two-dimensional manifolds are concerned. It provides an
astonishing link between a local object of the manifold (its Gauss curvature) and its global
topological properties.

Let (M, g) be a two-dimensional Riemannian manifold. Given a local chart z, let g;; denote
the 22 = 4 component functions of the metric tensor g, see (3.IH). Using Definition 2.T6]
we introduce the 2° = 8 Christoffel symbols I'};. Using Definition 218, we introduce the
2% = 16 component functions of the curvature tensor R;j;. Finally, using Theorem Egregium
(Theorem 2.20]), we introduce the Gauss curvature K of M via (2.9):

1 oo
K = 3 Rijug'g™" .
Then everything is defined intrinsically (i.e. no embedding of M in R® needed) and in-
variantly (i.e. independent of the choice of coordinates) provided that we verify that R;jx
are indeed component functions of a tensor R : T(M)* — R. We leave this routine (but
monstrous) verification as Exercise B.IS/Il

Now, let us assume in addition that M is compact. A (smooth) triangulation of M is a
collection {Qz}fvzf1 such that

UQZ:M’

i=1
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where Ny < oo and €Q; are curved triangles (i.e. a curved polygon with exactly three edges
and three vertices) with disjoint interiors such that the intersection of any pair of triangles
is either empty or a single vertex of each or a single edge of each. Such a triangulation
always exists. The Euler characteristic of M (with respect to the given triangulation) is the
number
x(M) := N, — N.+ Ny,

where

N, := number of vertices,

N, := number of edges,

Ny := number of faces (= number of triangles) .
The Euler characteristic is a purely topological invariant, which is independent of the choice
of triangulation. One has x(S) = 2 for the sphere, x(T) = 0 for the torus and in general

X(M) = 2 — 2g for any oriented manifold of genus g (i.e. homeomorphic to the sphere S
with g > 0 handles attached).

Theorem 3.9 (Gauss-Bonnet). Let M be a compact oriented two-dimensional Riemannian
manifold. Then

/MK:QWX(M).

The significance of the Gauss-Bonnet theorem cannot be overstated. Let us mention just
a couple of direct consequences. (For simplicity, we denote by the symbol ~ the relation of
homeomorphism of two manifolds.)

Corollary 3.10.

(a) M~S (g=0) = K > 0 somewhere;
(by M~T (g=1) — K =0 everywhere

V (K >0 somewhere N K <0 somewhere) ;
(¢) another topology (g >2) = K <0 somewhere.

Corollary 3.11.

Much of the effort in contemporary Riemannian geometry is aimed at generalising the
Gauss-Bonnet theorem and its topological consequences to higher dimensions.
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3.18 Exercises

1. Verify that the curvature tensor from Definition .18 is invariantly defined, meaning
that it satisfies (¢f (B.12))

Ao 0x® dxP Ox” Ox°

IR D5 917 Ok OF

Raﬁﬂ/é )

where R,z (respectively, Rijkl) are the functions computed from the metric via for-
mulae (27) and (2.8) in a chart = (respectively, Z). As the first step, verify that the

Christoffel symbols obey the transformation rule

S Ox® 9z 0" ozk 9%xr
703t 0xd O Oxr 0z 07

(i.e., they do not transform as a tensor), where I'} 5 (respectively, ffj) are the functions

computed from the metric via formula (2.7)) in the chart = (respectively, ).

2. Verify that the geodesic equation from Proposition 2.21] is invariantly defined. More
specifically, let v : I — M be a curve and, using the notation of the previous exercise,
denote its component functions in charts x and by v* := (z0~)® and 7* := (Z o 7)’,
respectively. Show that

~kl | Tk xilxgl oz all o . pl ol
VAT = 52 0 +T5,9777)
Hint: Use (819) and the identity
" P 0z* 97’ 01

—— =0
9ur0ze | 0F0H 0xo 0ap Ozo
which can be verified by differentiating

857i@_5i
dxr Oz 17
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