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Introduction

Anisotropic Maxwell’s equations
Macroscopic electromagnetic properties of a medium are described by

Maxwell’s equations

0D =curlH-J, 0iB=—-curlE, divD=p, divB=0.
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Anisotropic Maxwell’s equations

Macroscopic electromagnetic properties of a medium are described by
Maxwell’s equations

0D =curlH-J, 0iB=—-curlE, divD=p, divB=0.

Depending on the medium, different constitutive relations link the couple
(D, B) to (E, H).
Example: linear anisotropic medium

D=¢e¢E, B=uH, p=J=0.

Here €, u are matrix-valued bounded functions representing the electric
permittivity and the magnetic permeability of the medium. Assume €, u are
L, symmetric-matrix-valued functions, €, u > cl, ¢ > 0.
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Introduction

Conductivity

Example: linear anisotropic conductive medium
D=e¢E, B=uH, J=0cE, p=0.

o is the conductivity, o € L*(; R¥3), o > 0. In time-harmonic
formulation, in a (unbounded) Lipschitz set Q c R3, F; € L2(Q)3,

—icE 4+ icurl H— weE = Fq, in €,
—icurl E — wuH = Fp, in Q,
yvx E =0, on 09.
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Conductivity

Example: linear anisotropic conductive medium
D=e¢E, B=uH, J=0cE, p=0.
o is the conductivity, o € L*(; R¥3), o > 0. In time-harmonic
formulation, in a (unbounded) Lipschitz set Q c R3, F; € L2(Q)3,
—icE 4+ icurl H— weE = Fq, in €,
—icurl E — wuH = Fp, in Q,
yvx E =0, on 09.
E € Ho(curl,Q) :={u e L3(Q)® : curlu € L3(Q)%, (v x u)ls = 0}
H e H(curl,Q) = {u €L?(Q)®:curlue LZ(Q)?’}
To keep in mind: _
(I) Helmholtz decomposition L2(€, C%) = VH}(Q2) ® H(div 0,Q);
(1) Weber’s compactness result If Q is bounded and Lipschitz,
Ho(curl, Q) N H(div, Q) is compactly embedded in L2()3.
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Operator formulation in L2(Q; C3) x L2(; C3)

—io icurl e 0
V(w)_(—icurlo 0 )_w(O /1)’ weC,

dom(V(w)) = dom(V) = Hy(curl, Q) & H(curl, Q).

curly = (curl)* is the operator acting as curl on dom(curly) = Ho(curl).

Assumption. €, u, 0 € L*(, Symg(R)), satisfying

0 < €min < €N < €maxs
0 < fimin < N < fimaxs  NERZ, I|=1.
0 < O min < n-on < O max»
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Introduction

Basic intuition

Constant coefficients, o= # 0 (non-selfadjoint)

—iocE + icurl H = weE, in Q,
—icurl E = wuH, in Q.

curl(u™ curl E) = curl(iwH) = w(we + ic)E

0 = diveurl(u™" curl E) = w(we + ic) divE

w = 0 and w = —io /e "special points" (essential spectrum).
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Introduction

Some spectral theory

Essential spectrum of a linear operator A in the Hilbert space H:

o(A) = w e C: Tuy € dom(A), luall = 1,un — 0, [[(A - w)un| = 0},
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Introduction

Some spectral theory

Essential spectrum of a linear operator A in the Hilbert space H:

o(A) = w e C: Tuy € dom(A), luall = 1,un — 0, [[(A - w)un| = 0},

Let now w — A(w) be an holomorphic family of operators. We can define
in a similar way
To(A) ={we C: 0 e oe(A(w)))
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Main results

Decomposition of the essential spectrum

Assume Q unbounded, €, u, o in L*(£2, Symy(R)), and exist €, € R.q, oo € Ry
s.t.

lim {sup max (||e(x) — € id ||, [l(X) = ptoo id [l ||0'(X)||)} =0.

R—co IXII>R
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Main results

Decomposition of the essential spectrum

Assume Q unbounded, €, u, o in L*(£2, Symy(R)), and exist €, € R.q, oo € Ry
s.t.

Jim {fﬁpa max (|le(x) = € id |, l|u(x) = poo id I ||o(x)||)} =0.
Define £(w) = curl u™" curly —w(we + ic) and
Lo(w) == p) curlcurly —w?es, dom(La) € Ho(curl, Q) N H(div 0, Q).
Wy(w) = PyL(w)Py = —wPy(we + io)Py, dom(Wy) = VI.-IA ().
Then: [Lassas '98], [ABMW "19], [BFMT 23]

0e(V) = 0e(L) = 0e(Le) Uoe(Wy) CRUIR
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Non-constant coefficients at infinity
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Setting in [FM’24]: domain with multiple cylindrical ends C;, €, u asymptotically
constant in each cylinder.
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Non-constant coefficients at infinity

Setting in [FM’24]: domain with multiple cylindrical ends C;, €, u asymptotically
constant in each cylinder.

Main result: the decomposition o¢(V) = 0e( L) U 0o (“Wy) still holds, with
Loo(w) = curlug curl —wZPker(div)em

€ € C*(Q2), €. =c;=const ineach cylinder
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Main result: the decomposition o¢(V) = 0e( L) U 0o (“Wy) still holds, with
Loo(w) = curlug curl —wZPker(div)em

€ € C*(Q2), €. =c;=const ineach cylinder

Glazman decomposition = 0¢(Lew) = Ui Te(Lei)-

F. Ferraresso (Sassari) Essential spectrum of dissipative Maxwell systems 6.6.2024 9/17



[CENETEEENT

Non-constant coefficients at infinity

Setting in [FM’24]: domain with multiple cylindrical ends C;, €, u asymptotically
constant in each cylinder.

Main result: the decomposition o¢(V) = 0e( L) U 0o (“Wy) still holds, with
Loo(w) = curlug curl —wZPk‘,,r(di\,)e(,0

€ € C*(Q2), €. =c;=const ineach cylinder
Glazman decomposition =  0¢(Lw) = U; 0e(Lwoi)-
(!) Immediate Glazman decomposition on V fails.
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[CENETEEENT

Rational dependence on the frequency

e Systems in the form

62
_( -lo icurl) (CE=TA) 0 i i
V(‘”)(—icurlo 0 ) wl + (f” ), w € C\ {~iye, —iyml,
w-+iym

~» Drude-Lorentz model for EM waves in metamaterials [FM’'23]
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[CENETEEENT

Rational dependence on the frequency

e Systems in the form

62

| —io icurl B —(wf%) 0 e

V(w)(—icurlo 0 ) wl + (f.” : s w € C\{=iye, —iym}
wtiym

~» Drude-Lorentz model for EM waves in metamaterials [FM’'23]

N 0

-4r L L I L L |

-40 -20 0 20 40

Re
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A model for the Faraday effect
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Faraday layers

A model for the Faraday effect

Consider an horizontal layer of periodically distributed spheres kept at 0 potential.
The spheres have radius of order €% and the distance among them is of order .

Consider the Maxwell system curl ™" curl E — w(we + ioc)E = Fin Q\ B, and
pass to the limitas e — 0.
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Faraday layers

In the limit we obtain [FM hs]
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Faraday layers

In the limit we obtain [FM hs]

curl u™" curl E — w(we + io)E = F, inQ\ X,
vXExv=0, on 09,
[vx ExVv]z =0, ony,

[vxu'curl E]y =a?O(vx Exv)ls, onx,

where [v x W]y = v x UT + v~ x U~ is the Sobolev jump of the tangential
traces across ¥, and © := J*OqJ, ©g is a bounded positive operator in
LZ(X), J isomorphism between H~'/?(curly, ¥) and LZ(X).
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curl u™" curl E — w(we + io)E = F, inQ\ X,
vXExv=0, on 09,
[vx ExVv]z =0, onyY,
[vxu'curl E]y =a?O(vx Exv)ls, onx,

where [v x W]y = v x UT + v~ x U~ is the Sobolev jump of the tangential
traces across ¥, and © := J*OqJ, ©g is a bounded positive operator in
LZ(X), J isomorphism between H~'/?(curly, ¥) and LZ(X).

We denote by Vq(w) the operator associated with the previous BVP.

Here Q can be unbounded; if so, assume ¢, u, o asymp. constant.
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Faraday layers

In the limit we obtain [FM hs]

curl u™" curl E — w(we + io)E = F, inQ\ X,
vXExv=0, on 09,
[vx ExVv]z =0, onyY,
[vxu'curl E]y =a?O(vx Exv)ls, onx,

where [v x W]y = v x UT + v~ x U~ is the Sobolev jump of the tangential
traces across ¥, and © := J*OqJ, ©g is a bounded positive operator in
LZ(X), J isomorphism between H~'/?(curly, ¥) and LZ(X).

We denote by Vq(w) the operator associated with the previous BVP.

Here Q can be unbounded; if so, assume ¢, u, o asymp. constant.

For which frequencies w € C can we solve this transmission problem?
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The problem of the essential spectrum

Basic intuition:
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The problem of the essential spectrum

Basic intuition:
If "@ = +00", we recover the problem E = F, where

curlu tcurl E - w(we +ic)E=F, inQ\Z,
vXExXv=0, onoNuU L.

This corresponds to a perfectly shielding Faraday layer ¥..

Rough statement: with C(w, @) = [v x curl P(w)]x — @20,

oe(Va) = ge(Vo) Uoe(C(, )
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Faraday layers

A more precise statement

Notation: we will write 75 (E) := v X E X vls.
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Notation: we will write 75 (E) := v X E X vls.
Define:

C(w,a)h = [vxu~" curl P(w)h]s — a®Oh, h € ny (Ho(curl, Q2))
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Faraday layers

A more precise statement

Notation: we will write 75 (E) := v X E X vls.
Define:

C(w,a)h = [vxu~" curl P(w)h]s — a®Oh, h € ny (Ho(curl, Q2))
where H := P(w)h is the extension of h to 2, solving

curlu™ ' curl H - w(we +ic)H=0, inQ\ X
ns(H) = h, onx,
ns(H) = 0. on 9.
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A more precise statement

Notation: we will write 75 (E) := v X E X vls.
Define:

C(w,a)h = [vxu~" curl P(w)h]s — a®Oh, h € ny (Ho(curl, Q2))
where H := P(w)h is the extension of h to 2, solving

curlu™ ' curl H - w(we +ic)H=0, inQ\ X
ns(H) = h, onx,
ns(H) = 0. on 9.

Let also

E = curl ™" curl E — w(we + i0)E, ns(E) = 0.
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Faraday layers

A more precise statement

Notation: we will write 75 (E) := v X E X vls.
Define:

C(w,a)h = [vxu~" curl P(w)h]s — a®Oh, h € ny (Ho(curl, Q2))
where H := P(w)h is the extension of h to 2, solving

curlu™ ' curl H - w(we +ic)H=0, inQ\ X

ns(H) = h, ony,

ns(H) = 0. on 9.
Let also

E = curl ™" curl E — w(we + i0)E, ns(E) = 0.
Then

oe(Va) 2 e(Vo) U (0e(C(- @) Np(V0)).
oe(Va) Coe(Vo) U (ae(C( @) Np(Vo)) Uoa( Vo)
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Faraday layers

If the open problem holds, i.e., no disks of eigenvalues of Vq, then
ge(Va) = 0e(Vo) U Ge(C(-, @)

de(C(-, @)) is the extended essential spectrum of the operator family C.

F. Ferraresso (Sassari) Essential spectrum of dissipative Maxwell systems 6.6.2024 15/17



Faraday layers

(oe(C(-, @) N p(Vs)) is not empty even when X is a smooth surface!
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Faraday layers

(oe(C(-, @) N p(Vs)) is not empty even when X is a smooth surface!

Related to [Cacciapuoti, Pankrashkin, Posilicano 2019]
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Faraday layers

(oe(C(-, @) N p(Vs)) is not empty even when X is a smooth surface!
Related to [Cacciapuoti, Pankrashkin, Posilicano 2019]

1, in Q,,

A, = —div(h,V), inQ, h.(x) = {—u, Q.
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Faraday layers

(oe(C(-, @) N p(Vs)) is not empty even when X is a smooth surface!

Related to [Cacciapuoti, Pankrashkin, Posilicano 2019]

- ' 1, inQ,,
Aﬂ = —dIV(h,_lV)’ In Q’ hﬂ(x) = {_'u’ in Qj

In bounded domains Q c RV,

0, if u#1,
O-Q(All) = {O}’ If/J - 17 N - 2:
> {0}, if u=1,N >3, + geom. assumption
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Faraday layers

(oe(C(-, @) N p(Vs)) is not empty even when X is a smooth surface!

Related to [Cacciapuoti, Pankrashkin, Posilicano 2019]

- ' 1, inQ,,
Aﬂ = —dIV(h,_lV)a In Q’ hﬂ(x) = {_'u’ in Qj

In bounded domains Q c RV,

0, if u#1,
O-Q(All) = {O}’ If/J - 17 N - 2:
> {0}, if u=1,N >3, + geom. assumption

In this setting the analogue of C is
1
vy = E(DtN‘ — uDtN™)

This is always a WDO of order 1, when u # 1.
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Faraday layers

(oe(C(-, @) N p(Vs)) is not empty even when X is a smooth surface!

Related to [Cacciapuoti, Pankrashkin, Posilicano 2019]

- ' 1, inQ,,
Aﬂ = —dIV(h,_lV)a In Q’ hﬂ(x) = {_'u’ in Qj

In bounded domains Q c RV,

0, if u#1,
oe(A,) = {10}, ifu=1,N=2,
> {0}, if u =1,N >3, + geom. assumption

In this setting the analogue of C is
vy = %(DtN‘ — uDtN™)
This is always a WDO of order 1, whenu # 1. Whenu =1, N > 3,
(DIN- —DIN*) = V—By + B~ +C -~ y—Ay - Bt —C* = B~ —B* + (C" — C*)

where B* are WDOs of order 0 and C* are smoothing.
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Faraday layers

For Maxwell: DtN* are NOT WDOs of order 1.
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Faraday layers

For Maxwell: DtN* are NOT WDOs of order 1. DiN*(w) = v* x u~" curl P*(w) is
believed to act on H=/2(curls, ¥) ® H'/2(divy, X) as

A* 0
0 K=

where A* is a WDO of order 1, while K* is a WDO of order —1.
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Faraday layers

For Maxwell: DtN* are NOT WDOs of order 1. DiN*(w) = v* x u~" curl P*(w) is

believed to act on H~'/2(curly, ¥) @ H-'/2(divs, ¥) as

A* 0

0 K*
where A* is a WDO of order 1, while K* is a WDO of order —1.
7
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Faraday layers

Spectral enclosure

Let Agin :=min o(curl curlp |(givo,n)) = 0
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Faraday layers

Spectral enclosure

Let /l?qin :=min o(curl curlp |(givo,n)) = 0

The following spectral enclosure holds

max . 1 max 1 min
a(V)c i[—o-—,O] U {we(C\lR Imwe ——O-—,__O- ]

€min 2 €min 2 €max
2 2 | »Tmax /l?w'n
(Rew)?=3(Im w)? +27m| Imwlz—'}
€min €maxMmax J
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Faraday layers

Spectral enclosure

Let /l?qin :=min o(curl curlp |(givo,n)) = 0

The following spectral enclosure holds

max . 1 max 1 min
a(V)c i[—o-—,O] U {we(C\lR Imwe ——O-—,__O- ]

€min 2 €min 2 €max
2 2 | »Tmax /l?w'n
(Rew)?=3(Im w)? +27m| Imwlz—'}
€min €maxMmax J

Idea of the proof:
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Faraday layers

Spectral enclosure

Let /l?qin :=min o(curl curlp |(givo,n)) = 0

The following spectral enclosure holds

max . 1 max 1 min
a(V)c i[—o-—,O] U {we(C\lR Imwe ——O-—,__O- ]

€min 2 €min 2 €max
2 2 | »Tmax /l?w'n
(Rew)?=3(Im w)? +27m| Imwlz—'}
€min €maxMmax J

Idea of the proof:

o (V) c W(V) = R x [-2== 0].
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Faraday layers

Spectral enclosure

Let /l?qin :=min o(curl curlp |(givo,n)) = 0

The following spectral enclosure holds

max . 1 max 1 min
fT(V)Ci[—L,O]u{weC\lR:|mwe _Tmax T ]
€min 2 €min 2 €max o
(Rew)2—3(|mw)2+2m|Imw|ZLi“}
€min €maxMmax J

Idea of the proof:

eo(V)c W(V) =Rx [-Z=,0].

e V J-selfadjoint =

(V) = gapp(V) = {w € C: Juy € dom(V), llugll = 1, V(w)u, — 0}
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Faraday layers

Spectral enclosure

Let /l?qin :=min o(curl curlp |(givo,n)) = 0

The following spectral enclosure holds

loa 10 il @y
V . [_ max’o] U{ C -R :I _ max,__ mln],
o(V)ci|-—— weC\i mwe 5 _Gmin e

€min
(o Q-
(Rew)?=3(Im )2+ 22 Im w| > L}
€min €maxMmax J

Idea of the proof:

o (V) c W(V) = R x [-Z== 0],

e V J-selfadjoint =

(V) = gapp(V) = {w € C: Juy € dom(V), llugll = 1, V(w)u, — 0}

e (un)n almost satisfies (in a weak sense) curl(u™" curly u}) — w(we + ic)u} = 0.
Look at the numerical range of this operator.
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Faraday layers

Spectral enclosure

Let /l?qin :=min o(curl curlp |(givo,n)) = 0

The following spectral enclosure holds

loa 10 il @y
V . [_ max’o] U{ C -R :I _ max,__ mln],
o(V)ci|-—— weC\i mwe 5 _Gmin e

€min
(o Q-
(Rew)?=3(Im )2+ 22 Im w| > L}
€min €maxMmax J

Idea of the proof:

o (V) c W(V) = R x [-Z== 0],

e V J-selfadjoint =

(V) = gapp(V) = {w € C: Juy € dom(V), llugll = 1, V(w)u, — 0}

e (un)n almost satisfies (in a weak sense) curl(u™" curly u}) — w(we + ic)u} = 0.
Look at the numerical range of this operator.

e Get rid of gradient fields to prove ‘hole around 0’
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Faraday layers

1 Omax

2 €min

Tnax

€min

Tnax

€min
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Faraday layers

Relation between V and £
Theorem

o(V)\ {0} = o (£L)\ {0}, (V) =01 (L) =0
op(V)\ {0} = op(L£)\ {0}, 0e(V)\ {0} = oe(L) \ {0}
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Faraday layers

Relation between V and £
Theorem

o(V)\ {0} = o (£L)\ {0}, (V) =01 (L) =0
op(V)\ {0} = op(L£)\ {0}, 0e(V)\ {0} = oe(L) \ {0}

Idea of the proof.
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Faraday layers

Relation between V and £
Theorem

a(V)\{0} = (L)\{0}, or(V)=0r(L)=0
op(V)\ {0} = 0p(L) \ {0}, 0e(V)\ {0} = ge(L) \ {0}

Idea of the proof. First step: £(w) = curl u~" curlg —w(we + i) has an
explicit representation

L(w) = (TgToH) 2 (14 (T To+ )7 2(W(w) = )T To+1)7"2) (Tg Tot) 2,

To := u~2curly, W(w) := —w(we + io). Implies: curl L(w)™" curly is
bounded for w € p(L).
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Faraday layers

Relation between V and £
Theorem
a(V)\{0} =a(L)\ {0}, o (V)=0/(L)=0
op(V)\ {0} = 0p(£L)\ {0}, ce(V)\ {0} = 0e(L) \ {0}

Idea of the proof. First step: £(w) = curl u~" curlg —w(we + i) has an
explicit representation

L(w) = (TgToH) 2 (14 (T To+ )7 2(W(w) = )T To+1)7"2) (Tg Tot) 2,

To := u~2curly, W(w) := —w(we + io). Implies: curl L(w)™" curly is
bounded for w € p(L).
Second step: use

wl(w)™! iL(w) Teurly™

_17
V(w)" = —iTeurl R PO I T early!
p eurlo L(w)™ w7 (—p7 +p eurlg L(w) ™ eurly™)

for wep(V).
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Faraday layers

In the previous example oe(‘Wy) = {0, -1, —i}. Why?
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Faraday layers

In the previous example oe(‘Wy) = {0, -1, —i}. Why?

Recall Wy(w) = —Py[w(w + ix)] Py, X(X) = x(0.1)(x1).
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Faraday layers

In the previous example oe(‘Wy) = {0, -1, —i}. Why?

Recall Wy(w) = —Py[w(w + ix)] Py, X(X) = x(0.1)(x1)-

Note that Py = VA" div, with A Dirichlet Laplacian acting from H}(Q) to
H=1(Q). Equivalent to study

—div(w(w +ix))V : H)(Q) - H(Q)
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Faraday layers

In the previous example oe(‘Wy) = {0, -1, —i}. Why?

Recall Wy(w) = —Py[w(w + ix)] Py, X(X) = x(0.1)(x1)-

Note that Py = VA" div, with A Dirichlet Laplacian acting from H}(Q) to
H=1(Q). Equivalent to study

—div(w(w +ix))V : H)(Q) - H(Q)

Note that for v = 0 and w = —i, w(w + i) vanishes identically in a
subdomain of 2; we get essential spectrum.
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Faraday layers

In the previous example oe(‘Wy) = {0, -1, —i}. Why?

Recall Wy(w) = —Py[w(w + ix)] Py, X(X) = x(0.1)(x1)-
Note that Py = VA" div, with A Dirichlet Laplacian acting from H}(Q) to
H=1(Q). Equivalent to study

—div(w(w +ix))V : H)(Q) - H(Q)

Note that for v = 0 and w = —i, w(w + i) vanishes identically in a
subdomain of 2; we get essential spectrum.

For w = —i/2 we have w? = —w(w + i) (relative contrast = —1)...can
construct black hole modes.
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Faraday layers

Case w = —i/2.

F. Ferraresso (Sassari) Essential spectrum of dissipative Maxwell systems 6.6.2024 17/17



Faraday layers

Case w = —i/2. By Glazman decomposition, one shows that

—div((w + ixk)V) is invertible < (-iw + 1)AL — iw/g is invertible,
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Faraday layers

Case w = —i/2. By Glazman decomposition, one shows that
—div((w + ixk)V) is invertible < (-iw + 1)AL — iw/g is invertible,

Fix a o.n. basis of L2((0, L) x (0, L3)). Call it (¥n)n. Set w = —iv with
ve(0,1).
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Faraday layers

Case w = —i/2. By Glazman decomposition, one shows that
—div((w + ixk)V) is invertible < (-iw + 1)AL — iw/g is invertible,

Fix a o.n. basis of L2((0, L) x (0, L3)). Call it (¥n)n. Set w = —iv with
v € (0,1). Then

(—iw + 1)AL —iwhg = diag((kn((1 = v) coth(kn) = v))nen)-
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Faraday layers

Case w = —i/2. By Glazman decomposition, one shows that
—div((w + ixk)V) is invertible < (-iw + 1)AL — iw/g is invertible,

Fix a o.n. basis of L2((0, L) x (0, L3)). Call it (¥n)n. Set w = —iv with
v € (0,1). Then

(—iw + 1)AL —iwhg = diag((kn((1 = v) coth(kn) = v))nen)-

For v # 1/2, this operator is a finite-rank perturbation of a boundedly
invertible matrix, so —iv is not in the essential spectrum.
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Faraday layers

Case w = —i/2. By Glazman decomposition, one shows that
—div((w + ixk)V) is invertible < (-iw + 1)AL — iw/g is invertible,

Fix a o.n. basis of L2((0, L) x (0, L3)). Call it (¥n)n. Set w = —iv with
v € (0,1). Then

(—iw + 1)AL —iwhg = diag((kn((1 = v) coth(kn) = v))nen)-

For v # 1/2, this operator is a finite-rank perturbation of a boundedly
invertible matrix, so —iv is not in the essential spectrum. For v = 1/2,

(1=(x1=1)n(coth(kn) =1))n(xe, Xo) Hmesd,  x1€(0,1),

lﬂn(Xg,Xg) exp(—K,,(x1 —1)), X1 > 1,

Un(X1 , X2, X3) = {
forms a Weyl singular sequence, so —i/2 € o¢(V).
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