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Motivation

Maxwell's equations (ME) form a foundation of modern physics.
They not only describe electromagnetism but also led to special
relativity theory and Yang-Mills theory (YM) which are crucial to
the standard model for particle physics. Since complex number has
become a necessity for physics, it is worthwhile to take another
look at ME and YM from a complex analysis point of view.

1. New perspectives

2. New solutions



Main topics

» Maxwell's equations (ME) in complex differential forms
» Pluriharmonic solutions

» Yang-Mills equations: a quantization of ME

» Lagrangian and YM-functional

» Gauge invariance

» Pluriharmonic connection forms

> An example



Maxwell’ equations

In electromagnetism, E = (E1, Ez, E3): electric field, and
B = (Bi, By, B3): magnetic field. Then

V.B = 0, (1)
0B
E+—— = 2
vVE = 2 (3)
€0
1 JE
VXB—;& = pod, (4)

Poincare lemma=> there exist magnetic vector potential A and the
electric scalar potential ¢ such that

B=VxA, (5)

OA
E= -0 - Vo. (6)



Differential Form Version

w = ¢dxg — Ardxy — Axdxp — Asdxs, (potential 1 — form)
J = pdxo + Jidxy + Jodxp + J3dx3, (current 1 — form)

where xo = ct. Faraday field strength or Faraday 2-form:

F = —dxyg A\ (Eldxl + Exdxo + E3dX3)
— Bidxo A dx3 + Bodxy A dxz — Bzdxy A dxo.



Differential Form Version

w = ¢dxg — Ardxy — Axdxp — Asdxs, (potential 1 — form)
J = pdxo + Jidxy + Jodxp + J3dx3, (current 1 — form)

where xo = ct. Faraday field strength or Faraday 2-form:
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The Hodge star operator x : \P (]R“) — NP (]R“) ,0<p<4
such that for 1, & € AP one has

nA *.5_ = (1, &) gdxodxi dxpdx3.



Complex Electromagnetic Field

Set z1 = xo + ix1, 22 =X + ix3, O = %,j =1,2. For complex
J

smooth functions f, f», fi, f5 in z1, zo. Write the complex

differential form

w = fidzy + hdz + fdz; + 3dz, and F, = dw. (7)
Then

Fo = (O1fr — Oaf1) dzi N dzp + (516 — 521’?{) dzy Ndz
+ (816 — 52f1) dz1 Ndzy + (82f1 — 516) dz N dzy
+ (811% — glfl) dz1 Ndzy + (326 - ngz) dz N dzs.
Note: complex electromagnetic components E, B € C3 with inner

product B B B
<E, B) = E1By + E;By + E3Bs.



Self-dual and Anti-self-dual 2-Forms

» In Euclidean metric: > = | on 2-forms = o (%) = {#1} with
corresponding eigenspaces

/\i =span{dz; AN dz,dz1 AN dZy,dz; N dZ1 + dzo A d 2},
A2 = span{dz; A dZ,dzy A dZ1,dzy A dZy — dzo A dZo} .

» In Minkowski metric: > = —/ = o(x) = {%i} with
corresponding eigenspaces

N2 = span{dz1 A dz + idzy A dzi, dzy A dZ1 + idzy A d2,
dzy A dZp + idz A d2},

N2 = span{dz; A dzy — idzo A dZi, dzy A dZ1 — idzy A dZ,
dzy A dZ — idz A d2}.



Maxwell's Equations: dF =0, x dxF = J

Note: In vacuum, if w is a 1-form such that F := dw is self-dual
(SD) or anti-self-dual (ASD), then w is a solution to ME.

Observations. Under the Euclidean metric, F = dw is selfdual if
and only if

OLf; — O1fi = Oafs — Ot
61f§ — 52f1 = (92% — 51f2 = 0;

and it is anti-self-dual if and only if

Orfy — O1fi = — (Oofs — Oafr)
O1fy — Oofy = Oifs — Dafy = 0.

Note: Holomorphic functions provide natural SD solutions to ME.



Pluriharmonic solutions: Euclidean background

Consider w (z) = fidzy + fhdzy + fidz; + f3dZ and F, = dw.

Proposition

Assume f;, f-,i = 1,2 are holomorphic. Then F,, is a self-dual
solution to Maxwell’s equations in vacuum. Furthermore, in this
case

Fo = (O1fr — Oaf1) dz1 N dzp + (51)% — égfi) dzy Ndz



Pluriharmonic solutions: Euclidean background

Consider w (z) = fidzy + fhdzy + fidz; + f3dZ and F, = dw.

Proposition

Assume f,-,?;, i = 1,2 are holomorphic. Then F,, is a self-dual
solution to Maxwell’s equations in vacuum. Furthermore, in this
case

Fo = (O1fr — Oaf1) dz1 N dzp + (51)% — égfi) dzy Ndz

Def. The 1-form w is said to be harmonic if all the functions
fi, f, f;, f5 are harmonic.

Theorem
A harmonic form w is a solution to the Maxwell's equations in
vacuum if and only if O1f; + Oxfa + 01f; + O2f5 is constant.



Minkowski background

Theorem

Let f; be holomorphic and f- = f;,i = 1,2. Then F,, is a SD
solution to Maxwell’s equations in vacuum if and only if
O>fL — O1f> is independent of the variable z;.

Note: Such solutions are time-invariant.



Minkowski background

Theorem

Let f; be holomorphic and f- = f;,i = 1,2. Then F,, is a SD
solution to Maxwell’s equations in vacuum if and only if
O>fL — O1f> is independent of the variable z;.

Note: Such solutions are time-invariant.

Proposition

If F is any self-dual or anti-self-dual solution to the Maxwell’s
equations in vaccum, then (E,B) € iR. In particular, if w is a real
self-dual or anti-self-dual solution then (E,B) = 0.

Note. This explains the natural phenomenon that E | B.



A Quantization of Maxwell's Equations

Replace C with a unital C*-alg. A equipped with a faithful
normalized trace Tr.

Inner product on A : (a,b) = Tr(ab*), a,bec A

The Hodge star operator x on A-valued p-forms:

Tr(p Ax(n*)) = (u,mvol. p,n € AP.

Further, if 41 and n are A-valued L2 differential p-forms, then an
inner product can be defined by

() = [ el = [ Teunstr). @)



Yang-Mills Equations
Assume H is an A-module, and A € A}(A).

Definition
The covariant derivative D : NP(H) — APYL(H) is defined as

Da(n) =dn+AAn.
D2 n = (dA+ AAA) An = Curvature field Fp = dA+ A\ A.

Proposition
In Euclidean metric, the covariant co-derivative Dy := — x D_p«x.



Yang-Mills Equations
Assume H is an A-module, and A € A}(A).

Definition
The covariant derivative D : NP(H) — APYL(H) is defined as

Da(n)=dn+AAn.

D2 n = (dA+ AAA) An = Curvature field Fp = dA+ A\ A.

Proposition

In Euclidean metric, the covariant co-derivative Dy := — x D_p«x.
Definition

The Yang-Mills equations are given by

DaFa =0, DjFa=J. (9)

Note: If A* = —A (skew-Hermitian), then every SD or ASD Fj, is
a solution to YM in vacuum. (“instantons”)



Definition
The Yang-Mills Lagrangian is defined as

1
L(A) = —AA*J" + EFA A %Fx,
and the Yang-Mills functional is defined as
1
Y(A) = / Tr L(A) = —(A,J) + E(FA’ Fa)
C2

for all A € A*(C2, A) such that the integral is convergent.

Theorem
Fa is a solution to the YM equations if and only if A is a critical
connection to the YM functional.



Gauge invariance

GL(.A): the set of invertible elements in A;
g : C%2 — GL(A): smooth function.

gauge transform (change of reference frame):
A= Ag = g 'Ag + g tdg.
Facts: a) FAg = g_lFAg; b) DZgFAg = g_ljg.

Proposition
Solutions to YM equations in vacuum are gauge invariant.



Gauge invariance
GL(.A): the set of invertible elements in A;
g : C%2 — GL(A): smooth function.

gauge transform (change of reference frame):
A= Ag = g 'Ag + g tdg.
Facts: a) FAg = g_lFAg; b) DZgFAg = g_ljg.

Proposition
Solutions to YM equations in vacuum are gauge invariant.

Lemma

a) Every skew-Hermitian form A € A'(A) is of the kind
A=n—n*, where n = A1dz; + Axdz.

b) If A is skew-Hermitian and g is unitary-valued, then Ag is
skew-Hermitian.



Main result

Theorem
Assume 1(z) = A1(z)dz1 + Az(z)dzz is holomorphic and normal,
and A=n—n*. Then
a) Under the Euclidean metric,
» Fa is SD if and only if Ai1(z) and Ax(z) commute for each
z € C2. In this case, Fp = dA. (back to the ME case)

» F, is ASD if and only if it is gauge equivalent to 0.



Main result

Theorem
Assume 1(z) = A1(z)dz1 + Az(z)dzz is holomorphic and normal,
and A=n—n*. Then
a) Under the Euclidean metric,
» Fa is SD if and only if Ai1(z) and Ax(z) commute for each
z € C2. In this case, Fp = dA. (back to the ME case)
» F, is ASD if and only if it is gauge equivalent to 0.
b) Under the Minkowski metric,
» Fp is SD if and only if [A} — iA1, A2] = i(01A2 — A1) = 0.
In this case, Fqo = w — w*, where
w = [A2,AT](I.dZ]_ A dzy — dzp N dfl).
» The ASD case is parallel.

Conclusion: There exists nontrivial pluriharmonic YM instantons
in the Minkowski background.



An example

Consider any holomorphic function h(z) on C? and set

U= \}i <} _1[> , H(Zl,Zz) = /021 82/7(5722)615

We define

_(h 0 gy [(H+cosz 0
Al_(o h+1—i>’ A2_U< 0 H+isin22>U

Then [A] — iA1, A2] = 0 = i(01A2 — 02A1), showing that Fy is a
SD instanton case with Minkowski background. Furthermore,

1 (7T 0 1
*1 . ~ —i(n—%
[A27 1] - \/ie 4 <_1 0> :
Note: Fj does not depend on the variable z;, implying that Fj4 is
a time-invariant.



Thank You!




