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dxd

d
+q) r.q,p~t € Ljpe,p>00nR

Decompose by restriction to (—oo, a), (a, b) and (b, o0)

T =T—oo +Tabp+ To

Diff. ~ Op. Domain + BC r Oess

T~ K D(R) no BC ?

Toco ~ Koo D(—00,a),f(a)=0 r <0 bd from above
Tap~  Kap  D(a,b), f(a) = f(b) =0 0

Too Koo D(b,00), f(b) =0 r >0 bd from below
D(R) := {f € L*((R);|r]) : f, pf" € AC(R),7f € L*((R): |r])},

where AC: absolutely continuous functions, D(/) analogously.
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It follows that K is a finite rank (2-dim) perturbations in resolvent

sense of
Ko O 0
0 Ksp O
0 0 K
Theorem
The maximal operators K associated to 7 in the weighted L?-space
L2(R; |r|) satisfies

@ K has non-empty resolvent set

o
Uess(K) = Uess(K—oo) U Uess(Koo)~

Proof is with [Behrndt, Philipp'10].
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Perturbation and essential spectrum
Assume we have a second indefinite SL-expression on R

_ 1 d _d e ~

T::,F( ix d q) r,q,pleL,loc,p>Oon]R
which satisfies the Hypothesis (actually part (c) is enough). Set

7 K
Theorem
Assume
im ) g Py A —ak)
X—+00 r(x x—+o00 p(X) X—7F00 r(X)

Then the resolvent sets p(K) and p(K) are nonempty,and

ess(K) = 0ess(K) C R.
Proof is with [Behrndt, Schmitz, Teschl, T.'23].
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Discrete spectrum, nonreal accumulation

Theorem

(i) The nonreal spectrum of K consists of discrete eigenvalues
with geometric multiplicity one which are contained in a
compact subset of C.

(ii) The nonreal spectrum may only accumulate to points in
Oess(K) = Oess(K_o0) U Tess (Koo )-Furthermore, it cannot
accumulate to

A € O (0ess(K-no) N Oess(Koo))
with the following property (P):There exists ¢ > 0 with
(A —¢€,A) C p(Kx) and (M, A +¢€) C p(K-oo)

(A—€,A) C p(K_x) and (A, X+ €) C p(Kso)

Proof is with locally definitizable operators.



Accumulation from gaps in the essential spectrum

Theorem



Accumulation from gaps in the essential spectrum

Theorem

Real discrete eigenvalues of K accumulate at A if ONE of the
following statements holds:



Accumulation from gaps in the essential spectrum

Theorem

Real discrete eigenvalues of K accumulate at A if ONE of the
following statements holds:

@ \ € 00ess(Koo) and A & 0ess(K—oo), and the discrete
eigenvalues of K, accumulate at A.



Accumulation from gaps in the essential spectrum

Theorem

Real discrete eigenvalues of K accumulate at A if ONE of the
following statements holds:

@ \ € 00ess(Koo) and A & 0ess(K—oo), and the discrete
eigenvalues of K, accumulate at A.

@ )\ € 00ess(K_oo) and A & 0ess(Kxo), and the discrete
eigenvalues of K_,, accumulate at \.



Accumulation from gaps in the essential spectrum

Theorem

Real discrete eigenvalues of K accumulate at A if ONE of the
following statements holds:

@ \ € 00ess(Koo) and A & 0ess(K—oo), and the discrete
eigenvalues of K, accumulate at A.

@ )\ € 00ess(K_oo) and A & 0ess(Kxo), and the discrete
eigenvalues of K_,, accumulate at \.

@ ) satisfies property (P) and is not an inner point of gess(K).



Accumulation from gaps in the essential spectrum

Theorem
Real discrete eigenvalues of K accumulate at A if ONE of the
following statements holds:
@ \ € 00ess(Koo) and A & 0ess(K—oo), and the discrete
eigenvalues of K, accumulate at A.

@ )\ € 00ess(K_oo) and A & 0ess(Kxo), and the discrete
eigenvalues of K_,, accumulate at \.

@ ) satisfies property (P) and is not an inner point of gess(K).
Remark: This is, one can use accumulation results from Hilbert

space self-adjoint operators and receive accumulation results for
the indefinite operator K.



Proof is with [Behrndt, Méws, T.'14].
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Example |

d2

K e sgnx | ——— + q in L(R),
=<~ | _dx ~—
=1 p—1  see below

Set

q(x) := —30 - 31 (sechx)?.
We have 0ess(K_o0) = (—00,0] and ess(Koo) = [0, 00).Hence
0 (0ess(K-o0) N 0ess(Kso)) = {0}
Eigenvalues of both operators do not accumulate to zero, hence

Theorem [Behrndt, Katatbeh, T.'09]
@ 0 has property (P).
@ A has 30 pairs of non-real eigenvalues.



g(x) = =30 - 31 sech?(x).

Thirty Pairs of Complex Eigenvalues

Re
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d2
K e~ sgnx 02 + q in L(R).
=1 po1  see below
Set
1

We have 0ess(K_o0) = (—00, 0] and gess(Kx) = [0, 00).Hence
0 (UeSS(K—OO) N Uess(Koo)) = {0}
Eigenvalues of both operators accumulate to zero, hence
Theorem [Behrndt, Katatbeh, T.'08]
@ K has not property (P).

@ Non-real eigenvalues of K accumulate to zero.
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Thank You.



