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Problems not restricted to non-selfadjoint operators .....
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T unbounded – some surprises . . . [Bögli/Marletta/T. JFA ’20]:
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Basic properties (carrying over from bounded case)

Prop. 1 • We(T) ⊂ W(T);

• We(T) closed, convex;

• conv σe(T) ⊂ We(T),

here σe(T) = σe2(T) [Edmunds/Evans] with

σe2(T) :=
{
λ∈C : ∃ (xn)n∈N⊂dom T , ‖xn‖=1, xn

w
→0, ‖(T−λ)xn‖→0

}
.

Rem. We(T) , ∅ if T bounded, but not necessarily if T unbounded.

Prop. 2 • W(T) line =⇒ We(T) , ∅, We(T) = W(T);

• W(T) strip =⇒ We(T) , ∅, We(T) strip;

• W(T) = C =⇒ We(T) , ∅, We(T) = W(T) = C;

• W(T) half-plane, We(T) , ∅ =⇒ We(T) half-plane.

Ex. 3 T = diag (n + i(−1)nn2 : n ∈ N0) in l2(N0):

W(T) = {z ∈ C : Re z ≥ 0}, We(T) = ∅.
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=⇒ We(T) = convσe(T).
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Def. Extended essential spectrum σ̂e(T) ⊂ R ∪ {−∞,∞} defined as
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σe(T) for bounded T ,

σe(T) with −∞ and/or ∞ added if T unbounded from below and/or above.
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Prop. 3 T selfadjoint =⇒ We(T) = conv σ̂e(T) \ {−∞,∞}.

Ex. 2 T = diag

( (
k 0

0 −k

)
: k ∈ N

)
= diag (1,−1, 2,−2, . . . ) in ℓ2(N):

=⇒ convσe(T) = ∅, conv σ̂e(T) = R∪{−∞,∞}, We(T) = R.

Equivalent characterizations of We(T) . . . useful here and elsewhere:
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}
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Thm. 1 [Hefti/T. SM ’22: We5 ] Define

We1(T) :=
⋂

V⊂H , dimV<∞

W(T |V⊥∩dom T ),

We2(T) :=
⋂

K∈L(H), rank K<∞

W(T + K),

We3(T) :=
⋂

K∈L(H) compact

W(T + K),

We4(T) :=
{
λ∈C :∃ (en)n∈N ⊂ dom T orthonormal, (Ten, en) −→ λ

}
,

We5(T) :=
{
λ∈C :∃M

subsp.

⊂ dom T , dim M=∞,P
M
(T−λ)P

M
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M⊕M⊥

compact
}
.

In general,
We5(T) ⊂ We1(T) ⊂ We4(T) ⊂ We2(T) = We3(T) = We(T).

If dom T =H , then

We5(T) ⊂ We1(T) ⊂ We4(T)=We2(T) = We3(T) = We(T).

If dom T ∩ dom T∗=H and dom T ∩ dom T∗ core of T , then

Wei(T)=We(T), i = 1, 2, 3, 4,5 .



NOTE: Everything is possible for dom T ∩ dom T∗, see [Arlinskii/T. AIM’20]

With thanks to Prof. Dwight Barkley, University of Warwick
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4. Stability / Perturbation results

Thm. 4 For all K ∈ L(H) compact,

We(T) = We(T + K), Wei(T) = Wei(T + K), i = 1, 2, 3, 4, 5.

Question: W̃e3(T) :=
⋂

K T -compact

W(T + K) ⊆We3(T) = We(T), even ‘=’ ?

W̃e3(T) 1 We3(T) = We(T) possible even for selfadjoint T :

Ex. 4 T = T∗, not semibounded, with compact resolvent

=⇒ W(T) = We(T) = R, W̃e3(T) = ∅.

Thm. 5 T = T∗, K symmetric, T -compact =⇒ We(T) = We(T + K).

Thm. 6 T =A + iB, K =U + iV with A , B, U, V symmetric and one of:

(i) A selfadjoint and semibounded, U, V A -compact, or

(ii) B selfadjoint and semibounded, U, V B-compact, or

(iii) A , B selfadjoint and semibounded, U A -compact, V B-compact.

Then We(T) = We(T + K).
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, n ∈ N.
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s
−→ IH and Tn

gsr
−→ T , i.e.

∃ λ0 ∈
⋂

n∈N

ρ(Tn) ∩ ρ(T) : (Tn − λ0)
−1 s
−→ (T − λ0)

−1,

then • spurious eigenvalues may only occur in We(T);

• every isolated λ ∈ σ(T) outside We(T) is approximated, i.e.

∃ λn ∈ σ(Tn), n ∈ N : lim
n→∞
λn = λ.

Thm. 8 Let T be closed, dom T =H . For every λ ∈ We(T) \ σ(T) there

exists a projection method for which λ is a spurious eigenvalue, i.e. with

PHn

s
−→ IH , ∃ λn ∈ σ(Tn), n ∈ N : lim

n→∞
λn = λ.

[Descloux ’81]: T bounded; [Levitin/Shargorodsky ’04], [Lewin/Séré ’10]:

T =T∗{ conv σ̂e(T)\ {±∞} =We(T).



5. Spectral convergence results

Projection method: Hn ⊂ dom T , n ∈ N, finite dimensional subspaces,

PHn
corr. orth. projections,

Tn := PHn
T |dom T∩Hn

, n ∈ N.

Thm. 7 Let T be closed, dom T = H . If PHn

s
−→ IH and Tn

gsr
−→ T , i.e.

∃ λ0 ∈
⋂

n∈N

ρ(Tn) ∩ ρ(T) : (Tn − λ0)
−1 s
−→ (T − λ0)

−1,

then • spurious eigenvalues may only occur in We(T);

• every isolated λ ∈ σ(T) outside We(T) is approximated, i.e.

∃ λn ∈ σ(Tn), n ∈ N : lim
n→∞
λn = λ.

Thm. 8 Let T be closed, dom T =H . For every λ ∈ We(T) \ σ(T) there

exists a projection method for which λ is a spurious eigenvalue, i.e. with

PHn

s
−→ IH , ∃ λn ∈ σ(Tn), n ∈ N : lim

n→∞
λn = λ.

We(T) is the smallest possible set capturing spectral pollution !!!



Domain truncation for PDEs: Thm. 7 also holds for bdd. nested Ωn ⊂ R
d ,

n ∈ N, exhausting Rd (C-boundary if d ≥ 2) and strongly elliptic PDOs T

in L2(Rd) and Tn in L2(Ωn) induced by the sectorial forms

t :=
∑

|α|+|β|≤2m

〈
Qα,β

1

i|α|
Dα·,

1

i|β|
Dβ ·

〉
, dom (t) :=Hm(Rd), tn := t |Hm

0
(Ωn),

with coefficients Qα,β ∈ L∞(Rd,C), Qα,β :=qα,β ∈ C for |α|+|β|=2m and

Re p2m(ξ)>0, ξ,0, for

p2m(ξ) :=
∑

|α|+|β|=2m

qα,βξ
α+β, ξ∈Rd .
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Domain truncation for PDEs: Thm. 7 also holds for bdd. nested Ωn ⊂ R
d ,

n ∈ N, exhausting Rd (C-boundary if d ≥ 2) and strongly elliptic PDOs T

in L2(Rd) and Tn in L2(Ωn) induced by the sectorial forms

t :=
∑

|α|+|β|≤2m

〈
Qα,β

1

i|α|
Dα·,

1

i|β|
Dβ ·

〉
, dom (t) :=Hm(Rd), tn := t |Hm

0
(Ωn),

with coefficients Qα,β ∈ L∞(Rd,C), Qα,β :=qα,β ∈ C for |α|+|β|=2m and

Re p2m(ξ)>0, ξ,0, for

p2m(ξ) :=
∑

|α|+|β|=2m

qα,βξ
α+β, ξ∈Rd .

Note: Need to show that also T∗n
gsr
−→ T∗!

Prop. 4 If Qα,β(x)→ cα,β ∈ C, |x | → ∞, if |α|+|β|<2m and

p∞(ξ) := p2m(ξ) +
∑

|α|+|β|<2m

cα,β ξ
α, ξ ∈ Rd ,

then

We(T) = conv
{
p∞(ξ) : ξ ∈ R

d
}
= convσe(T).



Ex. 3 Advection-diffusion type differential operator

T := −D2 + Q1 D + Q0, dom (T) := H2(R),

with Q1, Q0∈L∞(R,C) and Q1(x)→−2, Q0(x)→0, |x |→∞. Then

σe(T) =
{
λ ∈ C : Re λ=(Im λ)2/2

}
.
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may be (and are)∈We(A)←
spurious eigenvalues

<We(A)→ true eigenvalue!
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with Q1, Q0∈L∞(R,C) and Q1(x)→−2, Q0(x)→0, |x |→∞. Then

σe(T) =
{
λ ∈ C : Re λ(Im λ)2/2

}
.

Q1(x)=−2, Q0(x)=20 e−x2

sin x: truncated eigenvalues on Ωn =[−9, 9]

σe(T) (=∂We(T)) PPPPq

We(T) ✏✏✏✏✏✏✶

spurious eigenvalues
✁
✁
✁
✁✕

(∈We(T))

true eigenvalue
(<We(T)) ❅❅❘

- 4 - 2 0
Re

- 4

- 2

2

4

Im

A more challenging application . . . [Bögli/Ferraresso/Marletta/T. ’23]:



Domain truncation for Maxwell’s equation

Ω ⊆ R3 with Lipschitz boundary, nested Ωn ⊂ Ω, n ∈ N, exhausting Ω:

−iσE + i curlH = ωεE
−i curlE = ωµH

in Ω, ν × E = 0 on ∂Ω,

with ε,µ,σ∈L∞(Ω,R3×3), ε,µ>0, σ≥0, and its truncations to Ωn, n∈N{



Domain truncation for Maxwell’s equation

Ω ⊆ R3 with Lipschitz boundary, nested Ωn ⊂ Ω, n ∈ N, exhausting Ω:

−iσE + i curlH = ωεE
−i curlE = ωµH

in Ω, ν × E = 0 on ∂Ω,

with ε,µ,σ∈L∞(Ω,R3×3), ε,µ>0, σ≥0, and its truncations to Ωn, n∈N{

V(ω) :=

(
−iσ i curl
−i curl0 0

)
−ω

(
ε 0

0 µ

)
, dom (V(ω)) :=H0(curl,Ω)⊕H(curl,Ω).



Domain truncation for Maxwell’s equation

Ω ⊆ R3 with Lipschitz boundary, nested Ωn ⊂ Ω, n ∈ N, exhausting Ω:

−iσE + i curlH = ωεE
−i curlE = ωµH

in Ω, ν × E = 0 on ∂Ω,

with ε,µ,σ∈L∞(Ω,R3×3), ε,µ>0, σ≥0, and its truncations to Ωn, n∈N{

V(ω) :=

(
−iσ i curl
−i curl0 0

)
−ω

(
ε 0

0 µ

)
, dom (V(ω)) :=H0(curl,Ω)⊕H(curl,Ω).

Spectral enclosures on Ω and Ωn & resolvent estimates:

Thm. 7. σ(V)⊂ i

[
−
σmax

εmin
, 0

]
∪

{
ω∈C\iR : Imω∈

[
−

1

2

σmax

εmin
,−

1

2

σmin

εmax

]
,

(Reω)2−3(Imω)2+2
σmax

εmin
|Imω|≥

λΩmin

εmaxµmax

}

with λΩmin :=minσ(curl curl0 |H(Div 0,Ω))≥0 & resolvent estimates outside .



Domain truncation for Maxwell’s equation

Ω ⊆ R3 with Lipschitz boundary, nested Ωn ⊂ Ω, n ∈ N, exhausting Ω:

−iσE + i curlH = ωεE
−i curlE = ωµH

in Ω, ν × E = 0 on ∂Ω,

with ε,µ,σ∈L∞(Ω,R3×3), ε,µ>0, σ≥0, and its truncations to Ωn, n∈N{

V(ω) :=

(
−iσ i curl
−i curl0 0

)
−ω

(
ε 0

0 µ

)
, dom (V(ω)) :=H0(curl,Ω)⊕H(curl,Ω).

Spectral enclosures on Ω and Ωn & resolvent estimates:

Thm. 7. σ(V)⊂ i

[
−
σmax

εmin
, 0

]
∪

{
ω∈C\iR : Imω∈

[
−

1

2

σmax

εmin
,−

1

2

σmin

εmax

]
,

(Reω)2−3(Imω)2+2
σmax

εmin
|Imω|≥

λΩmin

εmaxµmax

}

with λΩmin :=minσ(curl curl0 |H(Div 0,Ω))≥0 & resolvent estimates outside .

Possible shapes of enclosure in Thm. 7: λΩmin=0{ enclosure , else:



Re

-1/2σmax/ϵmin

-σmax/ϵmin

Im

λΩmin>0

Re

-1/2σmax/ϵmin

-σmax/ϵmin

Im

λΩmin>
1
4

σ2
maxεmaxµmax

ε2
min

Re

-1/2σmax/ϵmin

-σmax/ϵmin

Im

λΩmin>
1
3

σ2
maxεmaxµmax

ε2
min



Level curves of the resolvent outside for εmin=µmin=1, σmax=2:



Level curves of the resolvent outside for εmin=µmin=1, σmax=2:

Essential spectrum and spectral approximation

Suppose ε, µ and σ have limits ε∞id, µ∞id and 0, respectively, “at ∞”,

ε∞, µ∞>0, and define quadratic operator polynomial L∞(ω), ω∈C, by

L∞(ω) :=
1

µ∞
curl curl0 −ε∞ω

2id, (= ωS1,∞(ω))

dom (L∞(ω)) := {u ∈ H0(curl,Ω)∩H(Div 0,Ω) : curl u∈H(curl,Ω)}.



Level curves of the resolvent outside for εmin=µmin=1, σmax=2:

Essential spectrum and spectral approximation

Suppose ε, µ and σ have limits ε∞id, µ∞id and 0, respectively, “at ∞”,

ε∞, µ∞>0, and define quadratic operator polynomial L∞(ω), ω∈C, by

L∞(ω) :=
1

µ∞
curl curl0 −ε∞ω

2id, (= ωS1,∞(ω))

dom (L∞(ω)) := {u ∈ H0(curl,Ω)∩H(Div 0,Ω) : curl u∈H(curl,Ω)}.

Thm. 8. σe(V) ∩ R=σe(L∞) and σe(V) ∩ iR⊂ i

[
−
σmax

εmin
, 0

]
with

σe(L∞)\{0}=
(
−

1

ε∞µ∞
σe(curl curl0)

1/2
)
∪

(
1

ε∞µ∞
σe(curl curl0)

1/2
)
.



Thm. 9. If λΩ
e,min :=minσe(curl curl0 |H(Div 0,Ω)) (≥0), then

i) σpoll

(
(Vn)n∈N

)
⊂ We(L∞) =

(
−∞,−

(λΩ
e,min

ε∞µ∞

)1/2 ]
∪

[(λΩ
e,min

ε∞µ∞

)1/2
,∞

)

with We(L∞) :=
{
ω∈C :0∈We(L∞(ω))

}
(essential numerical range of L∞);

ii) every isolated ω ∈ σp(V) outside of We(L∞) ∪ i

[
−
σmax

εmin
, 0

]
is approxi-

mated by the domain truncation (Vn)n∈N.



Thm. 9. If λΩ
e,min :=minσe(curl curl0 |H(Div 0,Ω)) (≥0), then

i) σpoll

(
(Vn)n∈N

)
⊂ We(L∞) =

(
−∞,−

(λΩ
e,min

ε∞µ∞

)1/2 ]
∪

[(λΩ
e,min

ε∞µ∞

)1/2
,∞

)

with We(L∞) :=
{
ω∈C :0∈We(L∞(ω))

}
(essential numerical range of L∞);

ii) every isolated ω ∈ σp(V) outside of We(L∞) ∪ i

[
−
σmax

εmin
, 0

]
is approxi-

mated by the domain truncation (Vn)n∈N.

Ex. 4 Ω=(0,∞)×(0, 1)×(0, 2), Ωn =(0, n)×(0, 1)×(0, 2), n∈N, and

ε=µ= id, σ=χΩ1
id:

Re

-1

-0.5

Im

σe(V) and σp(V)

Re

-1

-0.5

Im

σp(V50) for n=50
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