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e Spectrum unstable under perturbations in general:
A non-selfadjoint, B bounded, 1 ¢ o(A):

A+B-21=(1+BA-1)")(A-2)
| A
[I-]l<1! bijective

Neumann series: o(A+B)cWA)+IIBIl ~ no relation with o(A)!

e Spectral approximations prone to two defects:
T approximated by (T,)nen (€.9. by domain truncation and/or finite
section ~» different spaces):
1. Spectral pollution®:
A Apeop(Tn), n € N, with accumulation point Ap, iy} ¢go(T).
2. Spectral invisibility:
3 A€o (T) that is no accumulation point of some A€o0 (Ty), NeN.
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Ex. 1 Right shift in £2(Z):

Y =)
oo
3
I

Here:
o(T) ={21eC: A =1},
o(T,) =10,...,0}

n times

~» no point of o-(T) approximated and 0 spurious eigenvalue:

Spectral invisibility and spectral pollution !!!

Problems not restricted to non-selfadjoint operators .....
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Ex. 2 T:diag((0 K

) ik eN) =diag (1,-1,2,-2,...) in {x(N).

Two different approximations:
1) Hp = span {ex}2"., Ty := Tly,:
o(Ty) =1{1,-1,2,-2,...,n,—n},
spectral visibility, no spectral pollution.
2) Hn := Hn1@ span {x,}, T, := Tl , with

Xn .— COS eneQn_1 + Sin 9,162”,

A
AeR\{1,-1,2,-2,...} arbitrary: choose 6, = 2n —;—T ~

- - Pl
An = (Tnxn,xn) €o(Tp), An=nsin - A, n-— oo;
soevery 1 € R\ {1,-1,2,-2,...} spurious eigenvalue for some (T'n)neN "

spectral visibility, but spectral pollution !!!
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(H,(-,-)) Hilbert space, T : H > dom T — H linear operator.
Numerical range:

W(T) = {(Tx,x) . x € dom T, ||x]| = 1},
convex (Toeplitz-Hausdorff), spectral inclusion property:

op(T) c W(T), oapp(T) € W(T);

if each of the (at most two) components of C \ W(T) has non-empty
intersection with p(T) (always for bounded T), then o-(T) ¢ W(T).

Essential numerical range:

We(T) :{/l (S C : EI (Xn)neNCdOm T, ”Xn”:1, Xn i 0, (TXn, Xn) i /l}.

[Fillmore/Stampfli/Williams '68/'72]: T bounded
T unbounded — some surprises ... [Bogli/Marletta/T. JFA °20]:
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Basic properties (carrying over from bounded case)

Prop.1 e W,(T)c W(T);
e W,(T) closed, convex;
e conv oe(T) c We(T),
here o¢(T) = 0e2(T) [Edmunds/Evans] with

Ueg(T)::{/IEC - 3 (Xn)newr Cdom T, [Ixall =1, xn 250, ||(T—/l)xn||—>0}.

Rem. W,(T) # 0 if T bounded, but not necessarily if T unbounded.
Prop.2 e W(T)line = W,(T) %0, We(T) = W(T);

o W(T)strip = W,(T) %0, W,(T) strip;
e W(T)=C = We(T)#0, We(T)=W(T)=C;

e W(T) half-plane, We(T) # 0 = W,(T) half-plane.
Ex.3 T =diag(n+i(-1)"n?: neNp) in k(Np):

W(T)={zeC:Rez>0}, W,(T)=0.
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Special case: Selfadjoint operators

[Salinas '72] T bounded, hyponormal (i.e. T*T — TT* > 0)
=  We(T) =convoe(T).

No longer true for unbounded T, even if T selfadjoint:
Def. Extended essential spectrum ce(T) C R U {—o0, oo} defined as

{ae(T) for bounded T,

0e(T) with —co and/or oo added if T unbounded from below and/or above.
[Levitin/Shargorodsky '04]

Prop. 3 T selfadjoint = W,(T) = convoe(T) \ {—o0, oo}.

Ex.2 T =diag ( (g _Ok) ke N) =diag (1,-1,2,-2,...) in £,(N):
= convoe(T) =0, convoe(T)=RU{—o0,00}, We(T)=R.

Equivalent characterizations of W,(T) ... useful here and elsewhere:
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Thm. 1 [Hefti/T. SM '22: W,s | Define

We1(T) = ﬂ W(Tlvlﬂdom T),
VcH,dimV<oo
Weo(T):= () W(T+K),
KelL(H), rank K<co
Wes(T):= ) W(T+K),

KeL(H) compact
Wea(T):={1€C:3(en)new C dom T orthonormal, (Te,, ep) — A},

Wes(T):= {/16@ 3 MsUéSpdom T, dimM=co, Py(T-2) PM|M@M¢ compact }

In general,
We5(T) C We1(T) C We4(T) C Weg(T) = We3(T) = VVe(T)

If dom T=% , then
Wes(T) € Wer(T) € Wea(T)=Wea(T) = Wes(T) = We(T).
If dom T Ndom T*=9 and dom T N dom T* core of T , then
Wei(T)=Ws(T), i=1,2,3,4,5.




NOTE: Everything is possible for dom T Nndom T% see [Arlinskii/T. AIM’20]

Having Fun with .
Adjoints o

With thanks to Prof. Dwight Barkley, University of Warwick
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Thm. 4 For all K € L(H) compact,
We(T) = We(T + K), Wei(T) = Wei(T + K), i=1,2,3,4,5.

Question: V~V63(T) = ﬂ W(T + K) € We3(T) = We(T), even ‘=7

K T-compact
Was(T) ¢ Wes(T) = Wu(T) possible even for selfadjoint T:
Ex.4 T = T*, not semibounded, with compact resolvent
— W(T)=Wo(T) =R, We(T)=0.

Thm.5 T = T*, K symmetric, T-compact = W,(T) = We(T + K).
Thm.6 T=A+iB, K=U+1iV with A, B, U, V symmetric and one of:

(i) A selfadjoint and semibounded, U, V A-compact, or
(i) B selfadjoint and semibounded, U, V B-compact, or
(iii) A, B selfadjoint and semibounded, U A-compact, V B-compact.

Then W(T) = We(T + K).
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5. Spectral convergence results

Projection method: H, c dom T, n € N, finite dimensional subspaces,
Pg,, corr. orth. projections,
Th = P(H,, Tldom TnH,» NE€E N.

Thm. 7 Let T be closed, dom T = H. If Py — Iy and Ty 25 T, iie.

A€ ()(Ta) N p(T): (Ta=20)" = (T=20)7",
neN
then e spurious eigenvalues may only occur in We(T);

e every isolated A € o(T) outside W,(T) is approximated, i.e.
A2, €0(Ty),neN: nlim Ap= A

Thm. 8 Let T be closed, dom T=%H. For every A € We(T) \ o(T) there
exists a projection method for which A is a spurious eigenvalue, i.e. with

Py, —> by, Adp e o(Tp).neN lim 4 = 4.

[Descloux '81]: T bounded; [Levitin/Shargorodsky '04], [Lewin/Séré '10]:
T=T"~ convoe(T)\ {£oo} = We(T).



5. Spectral convergence results

Projection method: H, c dom T, n € N, finite dimensional subspaces,
Pg,, corr. orth. projections,
Th = P(H,, Tldom TnH,» NE€E N.

Thm. 7 Let T be closed, dom T = H. If Py — Iy and Ty 25 T, iie.

A€ ()(Ta) N p(T): (Ta=20)" = (T=20)7",
neN
then e spurious eigenvalues may only occur in We(T);

e every isolated A € o(T) outside W,(T) is approximated, i.e.
A2, €0(Ty),neN: nlim Ap= A

Thm. 8 Let T be closed, dom T=%H. For every A € We(T) \ o(T) there
exists a projection method for which A is a spurious eigenvalue, i.e. with

Py, — by, Adpeo(Tp).neN: lim A, = A.
n—-oo

W, (T) is the smallest possible set capturing spectral pollution !!!



Domain truncation for PDEs: Thm. 7 also holds for bdd. nested Q,, c RY,
n € N, exhausting RY (C-boundary if d > 2) and strongly elliptic PDOs T
in L2(RY) and T, in L?(Q,) induced by the sectorial forms

1 a 1 . d .
ti= Z <QaﬁﬁD . iWDﬁ . ) dom (1):=H™(R?), tn:=tlyr(Q,),
lal+|81<2m
with coefficients Q, 5 € L~ (RY C), Qup:=qup € C for la|+|8l=2m and
Re pom(£) >0, £#0, for

Pam():= ), Gupt”’, &eRr’

|| +|8l=2m
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Domain truncation for PDEs: Thm. 7 also holds for bdd. nested Q,, c RY,
n € N, exhausting RY (C-boundary if d > 2) and strongly elliptic PDOs T
in L2(RY) and T, in L?(Q,) induced by the sectorial forms

1 « 1 . d .
= > (Qa,ﬂﬁD "ﬁDﬁ'>’ dom (1) :=H™(RY),  tr:=tly(a,)-
ol Bi<2m

with coefficients Q, 5 € L~ (RY C), Qup:=qup € C for la|+|8l=2m and
Re pom(£) >0, £#0, for

Pom(€) = > Qupe™™’, £eRr

la+(81=2m
gsr _,
Note: Need to show that also T, — T*!

Prop. 4 If Q,3(x) = Cop € C, X| = oo, if |a|+|8] <2m and
Polé) = pem(€) + ) Capt”s £€R,

then lal+-|81<2m

We(T) = conv {pw(f) 1 €€ Rd} = convoe(T).



Ex. 3 Advection-diffusion type differential operator
T:=-D?+ QD+ Qp, dom(T):=H3(R),
with Qq, Qo€ (R, C) and Q4(x) - -2, Qp(x)—0, |x| > 0. Then
oe(T) = {/l eC: Re/l:(Im/l)z/Z}.
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T:=-D®>+ QD+ Qp, dom(T):= H?(R),
with Qq, Qo€ (R, C) and Q4(x) - -2, Qp(x)—0, |x| > 0. Then
We(T) = convoe(T) = {1€C: Red>(Im1)?/2}.
Qi(x)=-2, Qo(x)=20 e~*sin x: truncated eigenvalues on O, =[-s,, s/
101 :
all limits therein

€ W,(A) «may be (and are)
spurious eigenvalues

¢ W, (A) — true eigenvalue!
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Ex. 3 Advection-diffusion type differential operator
T:=-D*+Q;D+ Q. dom(T):=H?*(R),
with Qq, Qo€ (R, C) and Q4(x) - -2, Qp(x)—0, |x| > 0. Then
oe(T) = {/1 eC: Re/l(ImA)z/Z}.

Q1(x)=-2, Qo(x)=20¢*sin x: truncated eigenvalues on 2, =[-9.9]

Im
oo(T) E0W(T)) -
\
true eig?n\)/alue 2
(¢ We(T)) \
4 2 2 4 . 6 8 10Re
-2 —
We(T) —|
- 4} spurious eigenvalue
(e We(T))

A more challenging application ... [Bdgli/Ferraresso/Marletta/T. ’23]:
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Domain truncation for Maxwell’s equation

Q c R® with Lipschitz boundary, nested Q, c Q, n € N, exhausting Q:

—icE +icurlH = weE

Sicurl E = wuH in ©, vyx E =0 ondQ,

with &, u, o€ L*(, R¥?), &, u>0, 0> 0, and its truncations to Q,, neN ~»

V(a))::( —io icurl) (s 0

Sicurly, 0 )7 %o ,u)’ dom (V(w)):=Ho(curl,2)@H(curl, ).

Spectral enclosures on €2 and 2, & resolvent estimates:

1 1 0
Thm. 7. o(V)c i[—”max,o]u{weC\iR:Imwe = LS ———am'“],

Emin 2 Emin T2 €max
o A8
(Re w)?~3(Im w)2+2—""2%|Im w| > ¢}
€min EmaxMmax

with A%

min

:=min o (curl curly |H(Div 079)) >0 & resolvent estimates outside .



Domain truncation for Maxwell’s equation

Q c R® with Lipschitz boundary, nested Q, c Q, n € N, exhausting Q:

—icE +icurlH = weE

Sicurl E = wuH in ©, vyx E =0 ondQ,

with &, u, o€ L*(, R¥?), &, u>0, 0> 0, and its truncations to Q,, neN ~»

V(a))::( —io icurl) (s 0

Sicurly, 0 )7 %o ,u)’ dom (V(w)):=Ho(curl,2)@H(curl, ).

Spectral enclosures on €2 and 2, & resolvent estimates:

1 1 0
Thm. 7. o(V)c i[—”max,o]u{weC\iR:Imwe = LS ———am'”],

Emin 2 Gt 2 e
o A8
(Re w)?~3(Im w)2+2—""2%|Im w| > ¢}
Emin EmaxMmax

with /lfrzlin :=min o (curl curly |H(Div 079)) >0 & resolvent estimates outside .

Possible shapes of enclosure in Thm. 7: /lgin =0~ enclosure , else:



2

~Onaitns]

A2 50

min

Q 1 (Trznaxamax/lmax
/1min > 4 -

Q l O'rznaxsmaxﬂmax
Amin > 3

min



Level curves of the resolvent outside for emin =ptimin =1, Cmax =2:
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Essential spectrum and spectral approximation

Suppose &, 4 and o have limits e.id, uid and 0, respectively, “at co”,
£w0s oo >0, and define quadratic operator polynomial L (w), w€C, by

1
Loo(w):= — curl curly —sw?id, (= wS1.o(w))

(o)

dom (Lo (w)):={u € Hy(curl, 2)NH(Div 0, Q) : curl ue H(curl, Q)}.



Level curves of the resolvent outside for emin =ptimin =1, Cmax =2:

Essential spectrum and spectral approximation

Suppose &, 4 and o have limits e.id, uid and 0, respectively, “at co”,
£w0s oo >0, and define quadratic operator polynomial L (w), w€C, by

1
Loo(w):= — curl curly —sw?id, (= wS1.o(w))

dom (Lo (w)):={u € Hy(curl, 2)NH(Div 0, Q) : curl ue H(curl, Q)}.

_ Tmax o] with

Emin

a'e(curlcurlo)vz) U( oe(curl curlo)1/2).

ro(L)\(0}=(~



Thm. 9. 1f A9 . :=min o (curl curlg [ypivo.n)) (=0), then

e,min’

) (V) € Walte) —(oo (a‘e’,min )1/2] ] [(ﬂﬁmin )1/2 )

EooMoo EocoMoo

with We(Ls) ::{wec :0€ We(Loo(w))} (essential numerical range of L);

T max

ii) every isolated w € op(V) outside of W, (L) Ui [—

,0] is approxi-
mated by the domain truncation (V;,)pen.

Emin



Thm. 9. 1f A9 . :=min o (curl curlg [ypivo.n)) (=0), then

e,min’

) (V) € Walte) —(oo (a‘e’,min )1/2] ] [(ﬂﬁmin )1/2 )

EooMoo EocoMoo

with We(Ls) ::{wec :0€ We(Loo(w))} (essential numerical range of L);

T max

ii) every isolated w € op(V) outside of W, (L) Ui [—

,0] is approxi-
mated by the domain truncation (V;,)pen.

Emin

Ex.4 Q=(0,0)x(0,1)x(0,2), 2,=(0,n)x(0,1)x(0,2), neN, and
e=pu=id, o =ygq,id:

-6 —Sr e -3 =2 S e 3 dmes, Sm ﬂ.v:. (re(V) and Jp(v)

e . -
e o L .., ~—
.- ~.

TOT BT et B 3N o2m e T B3 3 T oee O 3
& .~

e T p(Veo) for =50
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