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The Boltzmann equation in 3D

Motion of a rarefied gas: f = f(t,x, v) - density of particles,

v € R3-velocity, x € R3,

No collisions: a particle with speed v located at x at t = 0 will move to
X+ Tv at a later time 7 = f(7,x,v) = f(0,x —Tv,v) =

of

— - Vxf =0.
ot Y
The Boltzmann equation:
of
— - Vxf = Q(f).
ot LAY ()

:/ /(f(\/)f(u’)—f(v)f(u))C(v—u,n)dndu
R3 Js2
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Collision invariants

of

5= Q(f), where f = f(t,v) is independent of x.

Seek functionals of the form:
o(f) = ¢(v)f(v)dv, which remain constant along trajectories.
R3
Sufficient condition: [zs ¢(v)Q(f)dv = 0.
e [zs Q(f)dv = 0 = Conservation of [; f(v)dv (mass)
e [z3viQ(f)dv = 0 = Conservation of [s vif(v)dv (momentum)

e [us [v[?Q(f)dv = 0 = Conservation of [gs [v|?f(v)dv (energy)

po(v) = 1,¢i(v) = vi, pa(v) = |v|? are the collision invariants.
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Q) =0 (V) = M(v) = 5 ysze /2T is & Maxwelan.
™

The 3D BGK equation

g+v-vxf:/\/l—f.
ot

/ ¢i(v)M(v)dv = / ¢i(v)f(v)dv.
R3 R3
The 3D linearized form:

Lh=X;(h,¢;)¢;i — h, his a pertubation.

One-dimensional simplified BGK Model:
one collision invariant corresponding to the conservation of mass

o T v = (f,¢0)do — f.
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Partial integro-differential equation in 1D:

of of
a(t,x, v) + va(t,x7 v) = —f(t,x,v)+ /R w(r)f(t,x,r)dr,

where w is the probability density function w(v) = e“’2/\/7r and the
unknown function f(t, x, v) represents the molecular density function of a
monotomic gas.

Goals:

1.) To derive the associated generalized Fourier transforms and Parseval's
identity.

2.) To show that solutions decay to a subclass of the grossly determined

solutions.
grossly determined solutions = determined by gross conditions (mass

density, velocity, temperature).
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Fourier transform and Parseval’s identity.
Example: L = —i%, oess(L) =R,

o Lu= ku = e is a generalized eigenfunction correspoding to k.

e Rigged space (Gelfand triple): & C H C ¢*.
&= "space of test functions’, ®* = 'space of corresponding distributions’.

o (§f)(k) = \/% Je F(x)e*dx, f(x) = \/% Ju(F)(K)e™dk

° Parseval s identity:

Ja FOOF()dx = [ (FF(K)(EF)(k)dk

e Generalizable to other operators L?
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Associated Spectral Problem

Fourier transform:

N

of A

a(t,g, v) = —vicf(t, &, v) — F(t,¢€, V)—i—/RW(r) (t,&,r)dr.

(Leg)(v) : = (~viE = Dg(v) + [ wire(ryr,
g €dom(L¢) = {h € L2 (R;dv): Leg € L2(R; dv)}.
We also decompose L¢ into the sum M and V, i.e.
Le =M+ V,

(Meg)(v) : = (—vi€ — 1)g(v),
(Vg)(v) = (g, 1)z 1.

Notice that V2 = V* = V.
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Essential spectrum

Oess(Lg) = Oess(Mg) ={A € C: A= -1+ iw,w e R}, £#0,

Uess(LO) = Uess(MO) = {_1}

647;‘\" £ )

\/\/L{af a‘y&u%
g, (L) ¢

o

(Le = M) = (I + V(Mg — A1) (Mg — ).

Introduce the Birman-Schwinger operator

KA, €) =1+ V(M — X)71V =1+ VRY(\,€)V € B(L2(R)).
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Discrete Spectrum:
WA, €) = det(K(\,€)) = det(1 + (RO(X, €)1, 1)3)

B w(v)dv e
_1—/Rw_€+1+)\, w(v) =e V" /7.

Lemma

For any & € (—/m, /) there exists a unique \*(§) € (—1,0] such that
w(A*(€),&) = 0. Moreover, the multiplicity of such \*(&) as a zero of
w(-, &) is one. And if £ € R\ [—/7,\/7], then w(-, &) # 0.
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Moreover, lim._, .+ A*(§) = —1 and lim,_, - A*(§) =-1
The \* curve:
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Spectral decomposition

Goal: spectral decomposition of Le = M + V.
Challenge: generalized eigenfunctions cannot belong to H = L2 (R).
Introduce a triple: & C H C ¢*.

¥ WAV WAV AN ERS)
[ [/ [ [

Q=Q.={zeC:|3z| <€}, e >0.

Definition (® = 'space of test functions’)

» € ® & z — ¢(z) is holomorphic in Q and for each €1 € [0,¢)

sup /R|¢(x + iy)[Pw(x)dx < oco.

y€[—e1,61]

We denote by ®* the space of semilinear continuous functionals over .
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Analytic representation of ¢* € ®*

Each functional ¢* from ®* has a holomorphic representation ¢*(-).

3 a complex-valued function z — ¢*(z) which

e is holomorphic for [Sz| > 1 (e > n), zé
777]

e satisfies the condition

SN

sup / |¢*(x+iy)\2w(x)dx < 00,
ly|>nJR

e and

(6", 6) = / o (2)0(Z)w(2)dz,

Y

co—iy co+iy
/y . /;oo—i'y /—oo—i-h/
and ~ is an arbitrary number in [, ).
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The resolvent extension of M, through oess

z V4 .
(R 0.0) = [ @) dz R @ .
- —ikz—1- X
AE gf,%
1535
2= %
i Y_
QgT:{ZE(CZ Rz + 1] <ell]}, Ny ={zeC:Rz> -1}
A= (RO()‘7£)¢7w)i from I_Ij: to ni U Qg—
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The extensions of w(-,€) and (L¢ — -) ™! through o

For any ¢* € ®* we define V : ®* — [2 (R) as follows
Vo' = (9", 1)1.

The extensions of the the Birman-Schwinger operator

Ke(\ &) =1+ VRE(A, E)V

w(z)dz

wi(,€) = det(K (A, €)) = det(1+(RY(A €)1, 1)) = 1—/ ZETI N

The resolvent extension:

Ri(X,€) = RI(N, &) — RN, VKL (N, EVRI(N,€)
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Generalized eigenfunctions of M : dom(M;) C ®* — &~

Qg:{ze(C: IRz + 1| < ¢l{|}, € > 0. Let
1 1

0 . —-1/2 T
3

Note that 69(-) € ®* for n > |RX + 1].

<
AE 9,2
At .
=
. 1 /.
=l
é
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(0% ines @) = dIWH2(N), p e, AeQ.

Lemma
Let ¢* € dom(M;) and

(Me — X\)¢* =0, where Mg = —vi§ — |.

If |RX+ 1] < el¢|, then ¢* = C&Y, and if |RA + 1| > €[¢], then ¢* = 0.

The generalized eigenfunctions of the operator /\/Ig

1 1
a0(,y . ~1/2 T
0% (2) = 2mi 5+ i(/\grl)W (2), €y

(0% e 8) = SAW2(N), d €@, AEQ.
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Generalized eigenfunctions of L¢ : dom(L¢) C ¢* — ¢~

We now determine the generalized eigenfunctions of the extended operator
Le.

Lemma

Fix  #0. Let A € Q] and let KI'(),€) exist. If
(Le = X\)¢* =0, u" € dom(Le),
then ¢* = C5§E, where

0y = (1= RN VKL (A, V)R

One can also show that if A € Qg— and K, (A, —¢&) are invertible, then
07" = (1= RE(A, = VKL (A, =€) V)63

are the generalized eigenfunctions of the extended operator LZ.
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Generalized Fourier transforms

Let £ #0, A € Q and ¢ € ®. We also introduce the following transforms
(the generalized Fourier transforms)

1
wi2(\)
(Be)N) = a7y (0073 50

(u£¢)()‘) = <¢7 51_1_;)\5%

UeLef)(A) = (iEX = D(UF)(N), (BeLef)(A) = (—igA = 1)(Bef)(A).-
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Theorem (S.,Zumbrun)

o if¢& € (—+/m0)U(0,\/7), then for any f,g € H = L2 (R) the
following generalized Parseval’s identity holds

(.8 = [ (BeINTEETIWOIA + (P (©)F. )iz,
where \*(§) € (—1,0) is an isolated eigenvalue of L¢ and Py«(&) is the
Riesz projection corresponding to the simple eigenvalue \*(§) of L¢.

o if ¢ = +\/m, then for any f,g € H}(R)
(7.8, = [ (BT IWNIA+ (P1i ).
:F

o if& ¢ [—/m, /7|, then for any f,g € H = L2,(R)

(F &) = /R (BeF)(\) Ueg) () w()dA.
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We introduce

Px(§), € € (=, /),
P(§) = P_i+, £ =%/,
07 é- ¢ [_\/%7\/7?]7

Theorem (S.,Zumbrun)

Let f € L2(R, H). Then the following eigenfunction expansion formula is
valid:

f = U Bef + P(E),

where the equality is understood in the weak sense (the H,'-sense).
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8tl?(t7€7 V) = (Lff)(t7€7 V)'
f=UBF + P&)F.

Then the solution can be found in the form:

F(t,6,v) =0 (BeF)(E, V) + PE)F.

Theorem (S.,Zumbrun)

Let 1%(5, v) = f(O,{, v) represent the Fourier transform of the initial
distribution function of the gas and assume that fy € L>(R, HL(R)). Then
the Cauchy problem has a unique solution and its Fourier transform is

F(t. €, v) = e U (e M(Beh)(€, N)) + M Ot P(e),

where f(t,-,-) belongs to the space L2(R, H;1(R)).
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Decay to Grossly Determined Solutions

Theorem (S.,Zumbrun)

Let f be the general solution with the initial distribution function fy such

that f € [2(R, HL(R)) and let g(t,x,v) := FY(P(€)f). Then
8(t,6,v) = p(t, e = e O fig()ey,
where [i(t, &) .= (g(t,&,-), 1) is the density function. Moreover,
If— g”LZ(R,HV;l(R)) < CeitHfOHB(R,H}V(R))-
If fy € L2(R, L) and is compactly supported on (—+/x, /), then

If — gllem,2®) < Ce llfllem 2 ®)-
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