
The purpose of this research is to investigate a conjecture that was stated by Demuth, Hansmann and Katriel in 2013. We study aAbstract

[1] S. Bögli. Schrödinger operator with non-zero accumulation points of complex eigenvalues. Comm. Math. Phys, 352:629-639, 2017.

[2] S. Bögli and J. Cuenin. Counterexample to the Laptev-Safronov conjecture. Comm. Math. Phys, 398:1349-1370, 2023.

[3] S. Bögli and F. Štampach. On Lieb-Thirring inequalities for one-dimensional non-self-adjoint Jacobi and Schrödinger operators. J. Spectr. Theory, 11(3):1391-1413, 2021.

[4] M. Demuth, M. Hansmann, and G. Katriel. Lieb-Thirring type inequalities for Schrödinger operators with a complex-valued potential. Integr. Equ. Oper. Theory, 75:1-5, 2013.

[5] R. L. Frank, A. Laptev, and T. Weidl. Schrödinger operators: eigenvalues and Lieb-Thirring inequalities, volume 200. Cambridge University Press, 2022.

[6] G. N. Watson. A treatise on the theory of Bessel functions. Cambridge University Press, 2nd edition, 1995.

Lieb-Thirring type inequalities 
for multidimensional Schrödinger operators with 

complex-valued potentials

Introduction

possible generalization of Lieb-Thirring type inequalities for eigenvalues of non-selfadjoint Schrödinger operators with complex-valued potentials, acting on
𝐿2(ℝ𝑑) where 𝑑 ≥ 2. In particular, we find the asymptotic behavior for the discrete spectra of Schrödinger operators with a one-parameter family of
rapidly decaying complex-valued potentials and present a disproof of this conjecture. This is a joint work with S. Bögli (Durham) and F. Štampach (Prague).
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𝑑 ≥ 1, with a potential 𝑉 acts like 𝐻𝑓 = −∆𝑓 + 𝑉𝑓, for 𝑓 ∈ 𝒟(𝐻) ⊂ 𝐿2(ℝ𝑑). 

෍

𝜆∈𝜎𝑑(𝐻)

|𝜆|𝛾 ≤ 𝐶𝛾,𝑑| 𝑉 |
𝐿𝛾+𝑑/2
𝛾+𝑑/2

.

Open problem: In [4], assuming (1), does there exist (𝛾, 𝑑-dependent) 𝐶𝛾,𝑑 > 0

such that for all complex-valued 𝑉 ∈ 𝐿𝛾+𝑑/2(ℝ𝑑),

෍

𝜆∈𝜎𝑑(𝐻)

dist(𝜆, 0,∞ )𝛾+𝑑/2

|𝜆|𝑑/2
≤ 𝐶𝛾,𝑑 𝑉

𝐿𝛾+𝑑/2
𝛾+𝑑/2

? (2)

𝛾 ≥ 1/2 if 𝑑 = 1, 𝛾 > 0 if 𝑑 = 2 and 𝛾 ≥ 0 if 𝑑 ≥ 3.        (1)

Note: If 𝑉 ∈ 𝐿𝛾+𝑑/2(ℝ𝑑) satisfies (1), then 𝜎𝑒𝑠𝑠 𝐻 = 0,∞ . Define 𝜎𝑑 𝐻 ≔

𝜎(𝐻)\𝜎𝑒𝑠𝑠(𝐻). In [5], the Lieb-Thirring (L-T) type inequality states that there 
exists (𝛾, 𝑑-dependent) 𝐶𝛾,𝑑 > 0 such that for all real-valued 𝑉 ∈ 𝐿𝛾+𝑑/2(ℝ𝑑),

For 𝑑 = 1, (2) is not true and a counter-example can be found in [3]. This has 
led us to generalize the example from [3] to dimensions 𝑑 ≥ 2.

Take 𝐻ℎ = −∆ + iℎ𝜒𝐵1(0), ℎ > 0. Then

iℎ𝜒𝐵1(0) 𝐿𝛾+𝑑/2

𝛾+𝑑/2
= const𝑑ℎ

𝛾+𝑑/2 and dist(𝜆, 0,∞ ) = Im(𝜆).

Use ∆= 𝜕2

𝜕𝑟2
+

𝑑−1

𝑟

𝜕

𝜕𝑟
+

1

𝑟2
∆𝑆𝑑−1 , 𝑥 ∈ ℝ𝑑 , 𝑟 = |𝑥|. Eigenvalues of

−∆𝑆𝑑−1 are λ = ℓ(ℓ + 𝑑 − 2), ℓ ∈ ℕ0 where eigenfunctions are 
spherical harmonics of degree ℓ, denoted by 𝑌(ℓ).

❑ dim ℒ𝜆 −∆𝑆𝑑−1 ≤ 2 if 𝑑 = 2.

❑ dim ℒ𝜆 −∆𝑆𝑑−1 =
2ℓ+𝑑−2 ℓ+𝑑−3 !

𝑑−2 !ℓ!
if 𝑑 ≥ 3.

Choose eigenfunctions of 𝐻ℎ in the form 𝜓(𝑟)𝑌 ℓ (𝑥/𝑟). 

1

2

3 Using this separation ansatz gives an eigenvalue equation in 𝜓
for every ℓ. Then we solve this eigenvalue equation, asymptotically for 
large ℓ and ℎ. Setting:

1

ℎ𝛾+𝑑/2
෍

𝜆∈𝜎𝑑(𝐻ℎ)

Im(𝜆)𝛾+𝑑/2

|𝜆|𝑑/2
→∞,

Aim to show
as ℎ → ∞.

❑ λ ∈ 𝜎𝑑(𝐻ℎ) ⇒ dim(ℒ𝜆(𝐻ℎ)) ≥ const𝑑ℓ
𝑑−2.

❑ 𝜆 = 𝑘2(𝑘 ∈ ℂ).
❑ 𝑘 = (𝑖ℎ + 𝑚2)1/2 (𝑚 ∈ ℂ) with Im 𝑘 > 0.

Aim to solve the characteristic equation for 𝑚:

iℎ = 𝑚2
𝐽′𝜈(𝑚) 𝐻𝜈

1
(𝑘)

𝐽𝜈(𝑚)(𝐻𝜈
(1)
)′(𝑘)

2

− 1 , (3)

where 𝜈 = ℓ + 𝑑/2 − 1, 𝐽𝜈 and 𝐻𝜈
(1) are Bessel and Hankel functions 

of the first kind, respectively.

Let ℎ > 1, 0 < 𝜏 < 2𝛼 < 2𝛿 < 2𝛽 < 2/5. Focus on 
ℎ𝛼+1/2 ≤ ℓ ≤ ℎ𝛿+1/2. Then we solve (3) for 𝑚 in the restrictions
−𝛽 log ℎ ≤ Im 𝑚 − Im 𝜃𝜈 𝑚 ≤ −𝛼 log ℎ and ℎ𝜏 Im 𝑚 ≤ Re 𝑚 .

𝑚𝑗 = 2𝜋𝑗 +
𝜈𝜋

2
+
𝜋

2
+ 𝜃𝜈 𝑚𝑗 + ilog

ℎ

4𝜋𝑗
+ 𝑂 log ℎ (𝜀−1)/(𝑑−1) .

This implies Im(𝜆𝑗) > ℎ/2 and |𝜆𝑗| ≤ 4𝜋2𝑗2. Consequently,

1

ℎ𝛾+𝑑/2
෍

𝑗

Im 𝜆𝑗
𝛾+𝑑/2

𝜆𝑗
𝑑/2

≥ const𝑑,𝛼,𝛾,𝛿,𝜀 log ℎ 𝜀 1 + 𝑜 1 .

We have found a family of potentials depending on 
a parameter ℎ such that, for large ℎ, we can find the asymptotics of finitely 
many eigenvalues in an ℎ–dependent region of the complex plane. The 
eigenvalue asymptotics imply that 2 does not hold.

For 𝛾 > 1/2, the L-T type inequality no longer holds for non-real 𝑉 as 𝜎𝑑(𝐻)
may have an accumulation point in (0,∞), see [1, 2]. This motivated Demuth, 
Hansmann and Katriel to suggest a weaker form of an L-T type inequality.

A Schrödinger operator 𝐻 ≔ −∆ + 𝑉 in 𝐿2(ℝ𝑑), where
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Results

unbounded in ℎ

Conclusion

Here 𝜃𝜈 𝑧 = 𝑧 − 𝜈𝜋/2 − 𝜋/4 − arctan
𝑌𝜈 𝑧

𝐽𝜈 𝑧
where 𝜈 ≥ 0, |arg(𝑧)| < 𝜋/2 and 

𝑌𝜈 is the Bessel function of the second kind, see [6]. Let 0 < 𝜀 < 1. For large ℎ
and every 𝑗 ∈ ℤ with ℓ(log(ℓ))(1−𝜀)/(𝑑−1)≤ 𝑗 ≤ (8𝜋)−1ℎ𝛽+1/2, there is a solution


