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Why caring about the non-self-adjoint operator?

e “Studying the non-self-adjoint is like opening the Pandora’s box, anything can

Self-Adjoint Op.

e Many tools are available to explore the beauty of the self-adjoint operator.
But little theory exists to explain the beast of the non-self-adjoint operator.
If you want to learn how to live with the beast, you might be interested in
Elements of spectral theory without the spectral theorem
(D. Krejtitik and P. Siegl, 2015)
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This talk is about the following beast

T (g’ :(?;) +isign(x)l, m >0, Dom(.%,) = H'(R, C?).

————

Free Dirac

@ %, is a closed densely defined operator.

m

o = (a :?;) —isign(x)I, Dom(.Z;) = HY(R, C?).

@ %, is non-normal, but T-self-adjoint, i.e., £ = TZLnT with Tu(x) = u(x).
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This talk is about the following beast

T (g’ :(Z:) +isign(x)l, m >0, Dom(.%,) = H'(R, C?).

————

Free Dirac

@ %, is a closed densely defined operator.
m

o = (a :‘?;) —isign(x)I, Dom(.Z;) = HY(R, C?).

@ %, is non-normal, but T-self-adjoint, i.e., £ = TZLnT with Tu(x) = u(x).
@ The numerical range of %, {(ZLnu, u) : u € Dom(ZLn), ||ul| = 1}, is a strip:

Imz
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i

> Rez
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© Spectrum

© Resolvent estimate

© Location of eigenvalues of perturbations
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The Spectrum

.iﬂm = <g' :(?7)7(> i isign(x)l, Dom(fm) = HI(R’ (CZ)

It is known that the spectrum of the free Dirac is

’ ((3"; j:)) = (o0, =m] U [m, +00).
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The Spectrum

.iﬂm = <g1 :(?7)7(> i isign(x)l, Dom(fm) = HI(R’ (CZ)

It is known that the spectrum of the free Dirac is

’ ((3"; j::)) = (o0, =m] U [m, +00).

How does the spectrum change when we add isign(x)I?
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The spectrum

When m > 0

The spectrum of Ly is  o(ZLm) = (—oo, —m] U [m, +00) +i{—1,1} .
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The spectrum

When m > 0

The spectrum of Ly is  0(ZLm) = (—oo, —m] U [m, +00) + i{—1,1}
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Can we guess what the spectrum looks like when m = 07Is it as follows?
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The spectrum

When m > 0

The spectrum of Ly is  0(ZLm) = (—oo, —m] U [m, +00) + i{—1,1}
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Can we guess what the spectrum looks like when m = 07Is it as follows?
N
N
4
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Unfortunately, It is not enough!
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The spectrum
When m > 0
The spectrum of Zn is  o(Zn) = (—o0, —m] U [m, +00) 4+ i{—1,1} .

2

When m =0
The spectrum of % is o(%) ={z€ C:|Imz| <1}

I

L 2

y
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Characterization of the spectrum: o( %) = 0¢(Zm) U 0c(Lm) U 0p(Zm)
When m > 0
ol(Zm) =0, o(Zm)={z€C:|Rez|>m, |Imz| =1}, op(Lm)=0.

m

—m .
-1

When m =0
o(Z) =0, o(%)={zeC:|lmz|=1}, op(L) ={z€C:|Imz| <1} .

L 2
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Essential spectra

When m > 0
Oess,k(Zm) = {z€ C:|Rez| > m,|Imz| =1} for all k € {1,2,3,4,5}.
N
i
_Im | m ’
-
y
When m =0
Oess, k(L) = {z€C: |[Imz| =1} for k € {1,2,3,4},

Oess,5(Z) = {z€C:|Imz| <1} .

L 2
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When m =0

12— 2=l = e -

Pseudospectrum: 0. (%) ={z€C:|Imz| <1+¢} .
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When m =0

12— 2=l = e -

Pseudospectrum: 0. (%) ={z€C:|Imz| <1+¢} .

Non-normality 3 Non-triviality of pseudospectrum
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When m > 0

= 2
1(Zn = 27| = 72l (14 i)

as |Rez| — 400 and uniformly for all |Imz| < 1.
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When m > 0

S2
”(“%m - z)_1|| = m(ll_R|eIH|,z|2) (1 + |Relz|2)

as |Rez| — 400 and uniformly for all |Imz| < 1.

Figure: lllustration of (asymptotic) level set ||(ZLm — z) 71| = %
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When m > 0

— Rez 2
1 — 27 = 7l (1 + =)

as |Rez| — 400 and uniformly for all |Imz| < 1.

>

1

o
Roz

Figure: lllustration of (asymptotic) level set ||(ZLm — z) 71| = %

y
This is an improvement of the following result:
Schrédinger (Henry-Krejéifik-17)
Re z d? i =1 4Re z
(- o) Bt < (=g +isign() — 2) | < 221+ o(L))
as Rez — +o0. )
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Ly = (gq ii’;) +i sign(x)l.
Free Dirac

Let V:R — C2%2 | It is known that the eigenvalues of the “Free Dirac+V" lies in the union
of two disks. [J.-C. Cuenin, A. Laptev, and C. Tretter, 2014]
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Ly = (gq ii’;) +i sign(x)l.
Free Dirac

Let V:R — C2%2 | It is known that the eigenvalues of the “Free Dirac+V" lies in the union
of two disks. [J.-C. Cuenin, A. Laptev, and C. Tretter, 2014]

Where can we find the eigenvalues of the operator “%p, + V" ?
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Definition of the operator

Let V:R — C2X2 . We apply Kato's construction to define the operator
Loy = L+ V"

[(F. Gesztesy, Y. Latushkin, M. Mitrea, and M. Zinchenko, 2005)].
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Definition of the operator

Let V:R — C2*2 . We apply Kato's construction to define the operator
Loy = L+ V"
[(F. Gesztesy, Y. Latushkin, M. Mitrea, and M. Zinchenko, 2005)].

Proposition
Assume that one of the following conditions holds:
HI1: ||V <1
H2: V € LY(R,C?*?) N LP(R,C?*?) for some p € (1, ).

Then, there exists a closed densely defined extension £,y of Zm + V with a non empty
resolvent.
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Definition of the operator

Let V:R — C2*2 . We apply Kato's construction to define the operator
Loy = L+ V"
[(F. Gesztesy, Y. Latushkin, M. Mitrea, and M. Zinchenko, 2005)].

Proposition
Assume that one of the following conditions holds:
HI1: ||V <1
H2: V € LY(R,C?*?) N LP(R,C?*?) for some p € (1, ).

Then, there exists a closed densely defined extension £,y of Zm + V with a non empty
resolvent.Furthermore, we have

e m>0: Uess,k(fm,V) = Uess,k(gm) ’ vk =1,2,3,4,5.

e m=0: Oess k(Z0,v) = Oess k(20) Vk=1,2,3,4.
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Eigenvalue estimate

Theorem

@ For m > 0, assume that there exists a positive constant C such that

/ \/1+X2|V X)|C2><2d —

C

then

op(Zm,v) C {z €C:|Imz| <1, |Rez| > C’/W}'

@ For m=0, assume that V € L}(R) and |V||1 < 1. Then,

o(Lyv)C{zeC:|lmz <1}

DTN
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Example: Step potential

Let a>0and beR:  V,(x) = (—isign(x) — b)X[—a,(x)] . We consider
g,m\/ayb =%m+ Va,b(X) , Dom(.Zm,va’b) = HI(R7 (Cz).
When m > 0
- Uess,k(fm,va’b) = Uess,k(zm)v vk € {1727 3a 47 5}

- Zm,v, , possesses infinitely many large positive and negative isolated eigenvalues of
finite multiplicity.

y
When m =10
- Uess,k(go,va’b) = Uess,k($0)y vk € {1, 2, 3,4}
- op(Ly,,) ={z€C:|Imz| < 1}. )
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Weakly couple

Let us consider the perturbed operator 2, ;v = “Zm +eV" as € — 0.
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Weakly couple
Let us consider the perturbed operator 2, ;v = “Zm +eV" as € — 0.

Theorem

Let m >0 and let V € LY(R, (1 + x?)dx). Then, ase — 0,

Ods (Zmev) € {z€CilImz] <1, ;M = ¢ fy 22:09(V(x), T2)r dx + o(e?) }

where

o m2 _ 1 —(2z+ m)2 i(4z2 — m2)
nz(x) = —i (z - 2Rez) x = x|, T, = 42(4|z|2 + m?) (i(4z2 - m?)  (2z—m)? ) ’
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Weakly couple
Let us consider the perturbed operator £, v = "Ly +eV" as € = 0.

Theorem

Let m >0 and let V € LY(R, (1 + x?)dx). Then, ase — 0,

odis (Lm,ev) C {z €C:|lmz| <1, P ‘2+m2 =cfpe e21z()(V(x), T)F dx + o(e )}

where

" Vo ixl,  Te= 2 —(2z + m)? i(4z2—m2))
2Re z ’ T 24z + m2) \i(422 —m?)  (2z—m)? )"

n(x) = —i (z —
If we assume further that V € W?1(R), then there exists C > 0 such that

odis (Lm,ev) C {z €C:|lmz| <1, |Rez| > %} as € — 0.

Thank you very much for your attention!
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