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Introduction

= Superintegrable systems are distinguished by their symmetry, which often leads to exact, analytical
solvability.

= Systems with linear terms in the Hamiltonian (in units where m = 1,e = —1),
H =5 (p° + Aj(@)p; + pjAj(T) + Aj(2)°) + W(Z), (1)
correspond to magnetic fields and are crucial models e.g. in particle physics or describe systems in

uniform rotation e.g. the galaxies.

= Recent experimental observation of Lee-Yang zeros [5] increased the interest of mathematicians in
complex magnetic fields.

= \WWe connect these two fields by performing a classification of complex superintegrable systems in
a restricted setting and by rigorously assessing their physical relevance.

Integrability and superintegrability

Integrability

A quantum Hamiltonian system with n degrees of freedom is integrable if it admits n algebraically
independent integrals of motion in involution, i.e. no fully symmetrized (Jordan) polynomial of the
integrals vanishes identically and the integrals commute.

Superintegrability

A quantum Hamiltonian system with n degrees of freedom is polynomially superintegrable if it admits
n + k algebraically independent integrals of motion (where k& < n — 1), that are polynomial in the
momenta and out of which n are in involution.

In our 3D case we need three independent integrals of motion Xy, X5, Y plus the Hamiltonian H, two
of them commuting:
(X1, H =Xy, H = [ X1, Xo] = [Y,H] = 0. (2)

Fundamental problems with complex magnetic fields

There are at least two problems with rigorous physical interpretation even if we choose the fields
W, B7 as complex functions of real variables W, B’ : R? — C.

Lost gauge invariance

—

The time-independent gauge transformation A'(Z) = A(¥) + Vx(Z), W/(Z) = W(Z), in quantum
mechanics corresponding to

06(2) = e (£x(@) ) 0(2), 3

is unbounded, not unitary, once x(Z) has non-vanishing imaginary part. The unboundedness of the
transformation may change the spectral properties of the magnetic Hamiltonian (1) which is therefore
not well defined by the complex-valued magnetic field only.

We are not able to address it, so we proceed formally and choose the simplest gauge.

Complex spectrum

Is usually not observable and its physical interpretation is unclear. (But see Pang et al. measuring
complex Lee-Yang zeros [5].)

The mathematically correct approach to the problem entails pseudo-[4] or quasi-Hermiticity (or self-
adjointness) [6, 1], i.e. the Hamiltonian H satisfies

H' =0HO™ !, (4)

where the positive, respectively strongly positive operator © and its inverse ©~! are bounded (neces-
sary to avoid spectral pathologies [2]).

Such pseudo- and quasi-Hermitian operator H is self-adjoint with respect to a modified “scalar” prod-
uct (-,©-), which is indefinite, respectively positive definite. Only the positive definite case can be
regarded as a nonstandard representation of quantum mechanics.

Search for a metric © is highly non-trivial and we only establish pseudo-Hermiticity trough parity P
and/or time-reversal T.

First-order cylindrical superintegrability

To avoid complications, we follow on the results in my Master’s Thesis [3] and choose to classify
cylindrical superintegrable systems with first-order additional integrals, i.e. with integrals of the form

1 3

X1 = (pi)* + 5 Z(s{(a‘:‘)pj + pjs1(Z)) + m (Z),
a2, 1 : J( 7 J( 7 2 )
Xy = (L§)* + 5 > (3(E)p; + pish(E)) + mal(T),

j
Y = kipit + kopy 4 kapit + ky L + ks L + kL3 + m(Z),

where we use the covariant linear and angular momenta w.r.t. a time-independent gauge transforma-
tion A'(u) = A(Z) + dx(z), W'(Z) = W(Z)
p}q =p; +A; = mv;y, L}A — Ejk:lxkpfl- (6)

Complex fields mean that all the functions B’, W, sf“ my, m, With p = 1,2, j = z,y, z are complex
functions of real variables and the constants &; € C.

We impose (2), solve the equations obtained by collecting coefficients of derivatives such as 9., com-
ing from the momenta p; = —ihd; that must separately vanish and obtain 1 new maximally super-
integrable system and extend the 3 systems found in my Master Thesis [3] by allowing for complex
coupling constants.

NSA, Marseille, 3 - 7 June 2024

www.researchgate.net/profile/Ondrej-Kubu-2

The new system

The fields of the new system are

é(f)(_ ila+iB)  (a+ip) 0),

(x! —ix?)?"  (x! —ia?)?’

;
W(T) = wy +iwy (a +1i3)* (7)
- 2wt —x?)? §(xl — a?)Y
where «, 8, wq, wy are all real.
We have 3 first order integrals,
AL A v gA L A QIS oy a+if
5/1 - Zpl +p27 )/2 - LQ +7/L1 - (xl B ’L.£C2)7 X2 _p3 + 2([171 . ’1:372)27 (8)

l.e. one of the cylindrical integrals reduces to a first order one, X, = XQQ, followed by the Hamiltonian
and the second cylindrical integral

1 (o +iB)?

w1 + 1wo

H = ()" + (2)" + (73)°) + e (9)
. 1_|_' 2 ' 1_|_' 2 . 1_|_' 2
Xi = (L4 — (o +18) Sl = (e i85 s o+ (o + i ) (10

The system is maximally superintegrable and separable in cylindrical as well as complex coordinates

=l +iz?, z = z' —iz?

Formal gauge fixing and spectral analysis

We are analyzing the Hamiltonian (2). We no longer have gauge freedom, therefore the choice of the
vector potential A is unclear. Another problem is the strong singularity of (z! — iz?)™%.

We proceed formally by choosing the gauge that eliminates the most singular term

E(:f):(o,o,— @+ ) (11)

2(xt — ix?)?

so we have _ ,
o+ 105 w1y + 1ws

2(xt — ix2)2p3 - 2(xl —ix?)?

(12)

1
H=§(p?+p§+p§)—

Such Hamiltonian is pseudo-Hermitian with respect to the indefinite partial parity © = P,. It is also
PT self-adjoint, but not self-adjoint with respect to P nor T alone.

We conjecture that its spectrum is purely essential, but are not able to prove it. In the complex
coordinates the Schrodinger equation can be solved by separation of variables,

\2—2F wWo — A 5) 1 '
1\ (z, Z, x?’) ~ N exp (C’z + 23 PR T iws — Asla ZB)—) exp (1A3x3) , (13)

4C'h? 4C'h? z h

where C'is the separation constant and A3 € R. The first exponential is not purely imaginary, so we
cannot construct the Weyl sequence.

Known systems generalized to complex coupling constants

The other solutions are systems from [3] with complex coupling constants.

1. Purely constant magnetic field

B(Z) = (0,0,a+1i8), W(Z) =0, (14)
2. Constant magnetic field with potential in the 23 direction
B(&) = (0,0,a+if), W(&) = Ws(a®), (15)
3. Non-constant magnetic field
5 _ (4a+ip) (@ +iB)* | wi +iwy
B=|—-7— = —4 1
(o) W= (gt ) 1o

These are at most pseudo-Hermitian when we use only combinations of P and 7. We expect purely
essential spectrum but, as above, we do not have a proof.

Conclusions

= We |looked for the first order superintegrable systems of the cylindrical type that admit
complex-valued fields, i.e. B/, W : R? — C.

= \We have obtained four such systems, three of them known from [3] but generalized to complex
coupling constants and one new system (7), with typically complex integrals.

= The new system separates in cylindrical and complex coordinates.

= The new system is maximally superintegrable with 3 first order integrals, the Hamiltonian and
one quadratic cylindrical integral.

= We face 2 problems in rigorous analysis of these systems: lost gauge invariance and complex
spectra.
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