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Damped Wave Equation

m (M, g) compact manifold, A Laplace-Beltrami
m W(x) € C°(M) non-negative.

M = T?

supp w
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Damped Wave Equation
Damped Wave Equation

m (M, g) compact manifold, A Laplace-Beltrami M = T2
m W(x) € C°(M) non-negative. su
pp W
Let u solve
O2u— Au+ Wou =0 in M x Rt
(u, O¢t)|t=0 = (uo, 1) € H*(M) x HY(M).

E(w.0) = [ [Vulx, 0 +[0(x 0 b
M ~~

potential kinetic
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m (M, g) compact manifold, A Laplace-Beltrami M = T2
m W(x) € C°(M) non-negative. su
pp W
Let u solve
O2u— Au+ Wou =0 in M x Rt
(u, O¢t)|t=0 = (uo, 1) € H*(M) x HY(M).

E(w.0) = [ [Vulx, 0 +[0(x 0 b
M ~~

potential kinetic

Stabilization
r(t) = 0 as t — oo, such that

E(u, t)'/2 < r(2)?
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Energy Decay Rates and Resolvent Estimates

O > i

O?u— Au+ Woru =0,
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Energy Decay Rates and Resolvent Estimates

O?u— Au+ Woru =0,
O — I

(—Au+ iAW — X2)u=f,

u:= R(N)f.
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Energy Decay Rates and Resolvent Estimates
O?u— Au+ Woru =0,

O — I

(—Au+ iAW — X2)u=f,

u:= R(N)f.
Resolvent estimates for A € R, |A| > Ao, give stabilization rates
(Gearhart, Priiss, Huang 1980s)

C —Ci
IR 22 < o < E(u,t) < Ce .
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Energy Decay Rates and Resolvent Estimates

O?u— Au+ Woru =0,
O — I
(—Au+ iAW = X2)u=Ff, u:=RNf.

Resolvent estimates for A € R, |A| > Ao, give stabilization rates
(Gearhart, Priiss, Huang 1980s)

C
IR 22 < m < E(u,t) < Ce .
(Borichev-Tomilov 2010)

1_ 1
IR o2 < CIA[F T <= E(u,t) S o

Perry Kleinhenz (MSU) Unbounded Damping 3/16



Energy Decay Rates and Resolvent Estimates

O?u— Au+ Woru =0,

O — I
(—Au+ iAW = X2)u=Ff, u:=RNf.

Resolvent estimates for A € R, |A| > Ao, give stabilization rates
(Gearhart, Priiss, Huang 1980s)

C —CI
IR 22 < N < E(u,t) < Ce .

(Borichev-Tomilov 2010)
1 1
R[22 < CA=TT = E(u,t) S -
(Burg 1998)

1

R(\ < CefIM E(ut) < ——— .
R[22 < CeT <= E(u, )Nlog(2+t)
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Geometric Control Condition (GCC)

intersects {W > 0}.

There exists L > 0, such that every unit speed geodesic v of length at least L
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intersects {W > 0}.

There exists L > 0, such that every unit speed geodesic v of length at least L

\__/

M = §2, GCC
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Geometric Control Condition (GCC)
intersects {W > 0}.

There exists L > 0, such that every unit speed geodesic v of length at least L

M = §2, GCC

=

M = S2, not GCC
Theorem (Rauch-Taylor ‘75, Ralston ‘69, Bardos-Lebeau Rauch '92)

W satisfies GCC if and only if, there exists C > 0 such that
E(u,t)Y/2 < Ce™

and

c
IR 22 < N
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Geometric Control Condition (GCC)
intersects {W > 0}

There exists L > 0, such that every unit speed geodesic y of length at least L

M =§?, GCC

M = S2, not GCC
Theorem (Rauch-Taylor ‘75, Ralston ‘69, Bardos-Lebeau Rauch '92)
W satisfies GCC if and only if, there exists C > 0 such that

E(u,t)Y? < Ce™ ¢

C
and  [[R(O)] 2,2 <

Al

K ‘23 generalizes to W time dependent
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Schrodinger observability

The Schrédinger equation (id; + A)v(x, t) = 0 is exactly observable from an open
set Q C M, if there are T, Cr > 0 such that for all v(x,t =0) € H?,

.
v(x,t = 0)||uz < CT/ /|v(x, £) Pddt.
0 Q
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Schrodinger observability

The Schrédinger equation (id; + A)v(x, t) = 0 is exactly observable from an open
set Q C M, if there are T, Cr > 0 such that for all v(x,t =0) € H?,

.
v(x,t = 0)||uz < CT/ /|v(x, £) Pddt.
0 Q

TISSSSNNSSISS S

Theorem (Anantharaman-Leautaud ‘14)
If the Schrédinger equation is exactly observable from {W > 0}, then

1
E(u, f)l/z S 12 and [[R(A)|] 2,2 < CIAL
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Theorem (Lebeau ‘93, Burq '96)

If {W > 0} is open and nonempty, then

E(u,t)? < 1

~ log(2 +t) and ||R()‘)||Lz_,L2 < CeCIM.
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Theorem (Lebeau ‘93, Burq '96)

If {W > 0} is open and nonempty, then

1
E(u, t)'/? <

Clx
~ log(2 +t) and  [|[R(\)|| a2 < Ce (Al

supp W
This logarithmic decay is sharp.
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Overdamping

m Does larger W = cause faster E — 07
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Overdamping

m Does larger W = cause faster E — 07 No!
Theorem (Cox-Zuazua '03)

If M =1[0,1] and W = c, then E(u, t)"/?> < Ce=7t where y = ¢ — R\/c? — 72
Decay Speed
Y
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Overdamping

m Does larger W = cause faster E — 07 No!
Theorem (Cox-Zuazua '03)

If M =1[0,1] and W = c, then E(u, t)"/?> < Ce™7t where vy = ¢ — Rv/c2 — 72,
Decay Speed
Y

0

W=c

Key observation: energy decay is not monotonic in the size of the damping.
[} = =
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Abstract damped wave equation

m The initial value problem for damped wave equation:

{(63 — A+ W3,) u(t) =0

u(0) = ug € H?, d,u(0) = u; € H.
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Abstract damped wave equation

m The initial value problem for abstract damped wave equation:
{(65 — A+ W) u(t) =0

(0 + P+ Q Q) u(t)=0,
u(0) = up € H?, d,u(0) = u; € H.

u(0) = uo € Hy, 0ru(0) = uy € H%,
m H Hilbert, H; dense in H, “Hs = P~°(H)".
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Abstract damped wave equation

m The initial value problem for abstract damped wave equation:

(02 — A+ W3,) u(t) =0 (0 + P+ Q Q) u(t)=0,
U(O) = Ug € H2, 6tu(0) =u; € H. U(O) =ug € H, atU(O) =1 € H%,

m H Hilbert, H; dense in H, “Hs = P~°(H)".
w P: H; — H self-adjoint, P > 0, (P — z)~! is compact for some z € C.
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m H Hilbert, H; dense in H, “Hs = P~°(H)".
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Abstract damped wave equation

m The initial value problem for abstract damped wave equation:

(02 — A+ W3,) u(t) =0 (0 + P+ Q Q) u(t)=0,
U(O) = Ug € H2, 6tu(0) =u; € H. U(O) = ug € Hy, 8tu(0) =1 € H%,

H Hilbert, H; dense in H, “Hs = P~5(H)".
P : Hy — H self-adjoint, P >0, (P — z)~! is compact for some z € C.
P has a spectral resolution P = [ p? dE,,.

= Q= P7some € [0,1].
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(07 +P+Q°Q0;) u(t)=0
Example
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m P: H; — H self-adjoint, (P — z)~! is compact for some z € C.
= Q= P for fixed v € [0, 1].
(07 +P+Q°Q0;) u(t)=0

Example

» Unbounded damped waves: P = —A, Q = VW, where W € LP(M) for
p € (d,00), d =dim(M). Here Q : Hi = 12,y = 4%_
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m P: H; — H self-adjoint, (P — z)~! is compact for some z € C.
= Q= P for fixed v € [0, 1].
(07 +P+Q°Q0;) u(t)=0

Example

» Unbounded damped waves: P = —A, Q = VW, where W € LP(M) for
p € (d,00), d =dim(M). Here Q : Hi = 12,y = 4%.

» Water waves: P = |D| = v/—A, Q = VW|D|*, s € [0,1/2]
(9F + |D + [DFW(x)| D0y ) u(t) = 0

HereQ:HS—>L2,’y:s.
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m P: H; — H self-adjoint, (P — z)~! is compact for some z € C.
= Q= P for fixed v € [0, 1].
(07 +P+Q°Q0;) u(t)=0

Example

» Unbounded damped waves: P = —A, Q = VW, where W € LP(M) for
p € (d,00), d =dim(M). Here Q : Hi = 12,y = 4%.

» Water waves: P = |D| = v/—A, Q = VW|D|*, s € [0,1/2]
(9F + |D + [DFW(x)| D0y ) u(t) = 0

Here Q:H5—>L2,’y:s.
= Damped beam/plate: P = A?, Q = VWV,.

(02 + A% + VIW(X)V,0;) u(t) =0

Here Q : HY(M) — L?(T*M),y = 1.

4
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Stabilization Rates

Theorem (K-Wang '23)

u solves DWE on compact manifold M with d = dim(M).
E(u, t)Y2 < r(t).

Sharp

(W>e} |P=-A|P = -A|P = |D||P = A
Wel> | Welp IDEW|D]F | VEWY,
Geometric et
control
Schrodinger | 1/4/t
obs.
Open Iogct
=} = - = =
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Theorem (K-Wang '23)

u solves DWE on compact manifold M with d = dim(M).
E(u,t)Y2 < r(t).

W e L>® W e LP IDEW|D]F | VEWY,
Geometric et <t>—P/d <t>—1/(2+4s)
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obs.

(t) —p/(2p+d)
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Stabilization Rates

Theorem (K-Wang '23)

u solves DWE on compact manifold M with d = dim(M).
E(u, t)Y2 < r(t).

Sharp

W>el |P=-A|P = -A|P = |D||P = A?
W e L W e LP IDFW|D|* | VIWYV,

Geometric | e ! (£)=P/@ (£) 1/ @+49)

control

Schrodinger | 1/4/t (£)7P/@PHd) |4y 71/(6F4s)

obs.
C C I

Open log(t) log(t) |0g1/2(t)

Perry Kleinhenz (MSU)

Unbounded Damping




Stabilization Rates
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u solves DWE on compact manifold M with d = dim(M).
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Sharp

W>e} |P=-A|P = -A|P = |D||P = A?
Welx |Welp | |DFWIDF | ViWV,
Geometric | e ! (£)=P/@ (£)"V/@H49) | oot
control
Schrodinger | 1/4/t (£)7P/@PHd) |4y 71/(6F4s)
obs.
C C I
Open log(t) log(t) log/2(t)

Perry Kleinhenz (MSU)

Unbounded Damping




Stabilization Rates

Theorem (K-Wang '23)

u solves DWE on compact manifold M with d = dim(M).
E(u, t)Y2 < r(t).

Sharp

(W>e} |P=-A|P = -A|P = |D|P = A
Wel> | Welp IDFW|D|* | VIWYV,
Geometric | e ! (£)=P/@ (t)~/CF49) | et
control
Schrédinger | 1/v/t (£)P/@rta) |y T1/(6H4s) | =t
obs.
c c c
Open Tog (1) Tog (t) logl/2(t)

Perry Kleinhenz (MSU)

Unbounded Damping




Stabilization Rates

Theorem (K-Wang '23)

u solves DWE on compact manifold M with d = dim(M).
E(u, t)Y2 < r(t).

Sharp

(W>e} |P=-A|P = -A|P = [D||P = A?
Wel> | Welp IDEW|D]F | VEWY,
Geometric | e ! (£)=P/@ (t)~/CF49) | et
control
Schrédinger | 1/v/t (£)P/@rta) |y T1/(6H4s) | =t
obs.
c c c c
Open Tog (1) Tog (t) logl/2(t) Tog2 (2)
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m Schrodinger observability: there is Cy, T > 0, uniformly for u € Hy,

.

Jully < Cr [ Qe uly de
~—~— 0

initial data

observation in time [0, T|]
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m Schrodinger observability: there is Cy, T > 0, uniformly for u € Hy,

.
Jully < Cr [ Qe uly de
0

initial data

observation in time [0, T|]

m Control estimates: for all A € R>o, v € Hi:

lullr < CON(I(P = A?)ulln + [|Qully ).
S~~~ —_— Y=

quasimode eigen-error observation
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observation in time [0, T|]
m Control estimates: for all A € R>o, v € Hi:
lulls < CONI(P = A)ull + [|Qully ).
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quasimode eigen-error observation

m Miller ‘05, Schrodinger observability < control estimates with C = constant.

» Anantharaman-Léautaud—Nonnenmacher ‘14,
Chill-Paunonen-Seifert-Stahn-Tomilov ‘19
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m Schrodinger observability: there is Cy, T > 0, uniformly for u € Hy,

.
Jully < Cr [ Qe uly de
0

initial data

observation in time [0, T|]
m Control estimates: for all A € R>o, v € Hi:
lulls < CONI(P = A)ull + [|Qully ).
~—— —_———— ——
quasimode eigen-error observation

m Miller ‘05, Schrodinger observability < control estimates with C = constant.
» Anantharaman-Léautaud—Nonnenmacher ‘14,
Chill-Paunonen-Seifert-Stahn-Tomilov ‘19

lully < CII(P = N4+ idQ*Q — iAQ*Q)ully + || Qu||y
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\EILNESTIEM  Control estimates

m Control estimate: uniformly for all A € R>:

lullr < CAIP = A)ull + [1Qullv)
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m Control estimate: uniformly for all A € R>:

lullr < CAIP = A)ull + [1Qully).

= Consider the modified control estimate
lull < COOT() P = M)A ully + 1QA ully)+ CIIA Ml 4.

Here N > 0, > 0 is a flexible parameter.
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= Control estimate: uniformly for all A € Rxq:
lullw < CAIP = A)ully + [ Qully).
u Consider the modified control estimate
lulls < €OV IR = XN ulle + I1QN ully )+ CIIA Ml

Here N > 0, > 0 is a flexible parameter.

= Unique Continuation Principle (UCP): (P — A2)u = 0 = Qu # 0 for all
A>0.
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= Control estimate: uniformly for all A € Rxq:
lullw < CCIP = A)ullu + [ Qully)-

= Consider the modified control estimate
lull < COOT() P = M)A ully + 1QA ully)+ CIIA Ml 4.

Here N > 0, > 0 is a flexible parameter.

= Unique Continuation Principle (UCP): (P — A2)u = 0 = Qu # 0 for all
A>0.

Theorem (K-Wang. 23 (I1): Control and stability)

Let @ : Hy = Y, and assume UCP holds. Fix j1 € [0,~], 8 > 0. If modified
control estimate holds uniformly for u € Hy, for A > Ao > 0, Then

E} <C(t)y 7@ and |[R(N)|[yy_y < CINPIT4L,
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= Control estimate: uniformly for all A € Rxq:
lullw < CUIP = A)ull + 1| Qully)-
m Consider the modified control estimate
lullm < COUT P = NNl + QN wlly) - CIA ] .

Here N > 0, > 0 is a flexible parameter.

= Unique Continuation Principle (UCP): (P — A2)u = 0 = Qu # 0 for all
A>0.

Theorem (K-Wang. 23 (I1): Control and stability)

Let @ : Hy = Y, and assume UCP holds. Fix j1 € [0,~], 8 > 0. If modified
control estimate holds uniformly for u € Hy, for A > Ao > 0, Then

E} <C(t)y 7@ and |[R(N)|[yy_y < CINPIT4L,

Can go from energy decay to modified control estimate, but incur some loss.

Perry Kleinhenz (MSU) Unbounded Damping 12/16



= Control estimate: uniformly for all A € Rxq:
lullw < CAIP = A)ull + [ Qully).
u Consider the modified control estimate
luller < COOT( P = AN alli + QN wlly) + €A ull,

Here N > 0, > 0 is a flexible parameter.
= Unique Continuation Principle (UCP): (P — A?)u =0 = Qu # 0 for all
A>0.
Theorem (K-Wang. ‘23 (II): Control and stability)

Let @ : Hy = Y, and assume UCP holds. Fix j1 € [0,~], 8 > 0. If modified
control estimate holds uniformly for u € Hy, for A > Ao > 0, Then

E2 < Clt) @  and  ||RO)|lypy < CIAPPH#1,

Can go from energy decay to modified control estimate, but incur some loss.
Use P* with o > 2y, with loss (or gain!)
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WEILNESTIEE  Control estimates

Thank you for your attention!
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Main results Backward uniqueness

Finite Time Extinction

m Finite time extinction: u(t) =0 for all t > T, while initial data non-trivial.
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m Finite time extinction: u(t) =0 for all t > T, while initial data non-trivial.
= Nonlinear phenomenon. But happens with singular damped waves.

m Castro—Cox ‘01, Freitas—Hefti—Siegl '20: M = [0, 1] with Dirichlet boundary
condition, W = 2x~1, then u =0 for all t > 2 for all initial data. There is

finite time extinction.
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finite time extinction.
1 € .
w VW = Cx~2 maps Hijate(= H02+ ) to L2, but is unbounded on Hyija = Hz.
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Backward uniqueness
Finite Time Extinction

m Finite time extinction: u(t) =0 for all t > T, while initial data non-trivial.
= Nonlinear phenomenon. But happens with singular damped waves.

m Castro—Cox ‘01, Freitas—Hefti—Siegl '20: M = [0, 1] with Dirichlet boundary
condition, W = 2x~1, then u =0 for all t > 2 for all initial data. There is
finite time extinction.

w VW = Cx~2 maps Hijate(= HO%—H) to L2, but is unbounded on Hyija = Hz.

= K-Wang '22: VW € LP(0,1) = v/W : H% — L2, finite time extinction
cannot happen. Here VW maps Hy/4_.(= H%*e) — 12
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Main results Backward uniqueness

Finite time extinction: u(t) =0 for all t > T, while initial data non-trivial.
Nonlinear phenomenon. But happens with singular damped waves.

Castro—Cox ‘01, Freitas—Hefti—Siegl '20: M = [0, 1] with Dirichlet boundary
condition, W = 2x~1, then u =0 for all t > 2 for all initial data. There is
finite time extinction.

VW = Cx~% maps Hijate(= HO%—H) to L2, but is unbounded on Hi/s = Hz.

K-Wang '22: VW € LP(0,1) = v/W : H% — L2, finite time extinction
cannot happen. Here VW maps Hy/4_.(= H%*e) — 12

Is it the failure of Q = VW : Hy /4 — Y that allows the finite time
extinction?

Let @ € L(His,Y). Then u(t) =0 for some t > 0 implies u(0) = v'(0) = 0.
Index v = 1/4 is optimal.
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Main results Backward uniqueness

Corollary (Weak monotonicity)

Let Q,Q € L(H" : Y) such that |Qu|ly < C||Qul|y for all u € H*. Then

1/2 _ 1/2 B
B> <city s = EF*<c(n .
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Main results Backward uniqueness

Corollary (Weak monotonicity)
Let Q,Q € L(H" : Y) such that |Qu||y < C||Qul|y for all u € H*. Then

EP<c(ny s = EfP <ty =,

m Larger damping does not guarantee faster/equal decay, but does guarantee a
decay at the square root of the original speed.
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Main results Backward uniqueness

Corollary (Weak monotonicity)
Let Q,Q € L(H" : Y) such that |Qu||y < C||Qul|y for all u € H*. Then
E(1?/2 < C(t‘)_é = E(lj/2 < C<t>—2a41-4w,

m Larger damping does not guarantee faster/equal decay, but does guarantee a
decay at the square root of the original speed.

m In other words, the energy decay is monotonic at a slower scale.
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Future directions

m Optimality of control-to-stability theorem?
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Future directions
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m Control estimates + commutator condition on [P, Q*Q] (not monotonic)
< optimal decay (not monotonic)?
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Future directions

Future directions

m Optimality of control-to-stability theorem?
= Know: control estimates (monotonic) < suboptimal decay (monotonic)

m Control estimates + commutator condition on [P, Q*Q] (not monotonic)
< optimal decay (not monotonic)?

m When Q = QP” for Qy : H — Y bounded, can we remove the loss 4
induced by the unboundedness? In this case the commutator

[P, Q"Q] = P[P, Qs Qo] P7,

has a better structure.
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