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Outline (work in progress)

Main subject: a problem from plasma physics

A limiting absorption principle for
—div(aVu) + Au = f in a bounded Q

(equipped with 'well-chosen’ BCs)
« is a regular function changing its sign inside the domain Q.
The problem describing plasma heating due to the upper hybrid resonance
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the problem setting
a self-adjoint operator associated to the problem

a limiting absorption principle through a viscosity limit and the definition of the
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Problem Setting

y=¢ A boundary value problem

[ o div(a(x, y)Vu) —w’u = f in Q,

You=0o0nT,UTl,,
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Problem Setting

>
y=1 A boundary value problem

r, Q  n Q Ty div(a(x, y)Vu) —w’u=f in Q,
a<0 a>0 You=0onT,Ul,
y=2t= = a periodic BCs on y = |{|.

The function o € Cs3 (4 R):
a(x,y)=0o0n £ ={x =0}
9«a(0,y) # 0 (o is positive in , and negative in €,).

Brevity assumptions

For brevity:

a(x,y) = x (not necessary), w” = 0 (not necessary up to a discrete subset of R)

BCs will be implicit till the end of the talk
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An auxiliary space

y=1 A boundary value problem
o R LU div(xVu) = f in Q,
x <0 x>0 You=0o0nT,UTl,,
i Pt periodic BCs on y = [{].

a(u,v):/ xVqu—l—/ xVuVv
Q

P n
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An auxiliary space

z
y=1 A boundary value problem

o R LU div(xVu) = f in Q,
x <0 x>0 You=0o0nT,UTl,,
i Pt periodic BCs on y = [{].
Motivation

a(u,v):/ xVqu—!—/ xVuVv
Q Q

P n

A space of 'regular’ functions
Vieg = Vreg(S2n) X Vieg (2p),
Vreg(Qj) = {V S Lz(Qj) :Vv e Lfoc(Qj),
Ix|'?Vv € L*(Q)) +BCs}
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Properties of the space of regular functions

A space of 'regular’ functions

Vreg zvreg(Qp) X vreg(Qn)y

VBia) = /Q XlIVvPdx, J € {n,p}.
¥

these functions do not admit an L?(X)-trace on X (e.g. log | log ||| € Vieg)
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Properties of the space of regular functions

A space of 'regular’ functions

Vreg :Vreg(Qp) X Vreg(Qn)y

iy = /Q XlIVvPdx, J € {n,p}.
"

these functions do not admit an L?(X)-trace on X (e.g. log | log ||| € Vieg)
C*(Q\ £) N Vg are dense in Vyeg (Grisvard '63)
compact embedding into L?(Q) (cf. e.g. Hoai-Minh Nguyen '16)
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The sign-changing operator on the space of regular functions

Those results are due to (Nicolopoulos, Despres, Campos-Pinto, Ciarlet 2020)

Avegi = div(xVu), D(Areg) = {t € Vieg : div(xVu) € L*(Q)+BCs}.

The operator Areg : D(Areg) — L2(RQ) is self-adjoint and invertible.
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The sign-changing operator on the space of regular functions

Those results are due to (Nicolopoulos, Despres, Campos-Pinto, Ciarlet 2020)

Well-posedness result
Avegi = div(xVu), D(Areg) = {t € Vieg : div(xVu) € L*(Q)+BCs}.
The operator Aveg : D(Areg) — L*(Q) is self-adjoint and invertible.

A sketch of the proof

A property of the normal trace

If u € D(Areg), then

xVu-nlg =0.

Decoupling
u satisfies Aregu = f < uj = u|Qj, J € {n, p} solves :

Find uj € Viee () : div(xVuj) = in Q;, +BCs

(Lax-Milgram)



Limiting absorption problem

Extra regularity (Baouendi, Goulaouic '69)

D(Areg) = {V € Vi () X Vieg(Qp) : div(xVv) € L*(Q)+BCs}
= {v e H'(Q,) x H'(Q,) : div(xVv) € L*()+BCs}.
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Limiting absorption problem

Extra regularity (Baouendi, Goulaouic '69)

D(Areg) = {V € Vi () X Vieg(Qp) : div(xVv) € L*(Q)+BCs}
= {v e H'(Q,) x H'(Q,) : div(xVv) € L*()+BCs}.

A ’'problem’ with Aes

For v > 0 (dissipation in plasmas), consider u” € H'(Q) solving
div((x + iv)Vu”)=f in Q,+BCs.

. . . 2
Plasma heating: thg+uf9\z [Vu|?dx # 0

Perhaps, Iin(}+ u” is not a solution of the above self-adjoint problem?
v—r

This discrepancy was first remarked by Bruno Despres and his co-workers

7/26



A 1D illustration

For illustration: we consider 1D boundary-value problems

A boundary-value problem

O(x0xu)=0o0n (-1,1), u(-1) =c, u(l) = &

Solution given by .A,;gl

i) = ca, x<0,
| @, x>0.
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For illustration: we consider 1D boundary-value problems

A boundary-value problem

Ox(x0xu) =0o0n (—1,1), u(-1) =c, u(l) =

Solution given by .A,;gl

46 = ca, x<0,
- N x> 0.

A boundary-value problem with absorption

K((x+ iv)dku”)=0o0n (-1,1), v’(-1) =, v"(1) =

Limiting solution

U’ = C” + A log(x + iv) = C + A(log |x| + itlyco), C=cy, A=2—2

1T

Two remarks

Plasma heating: f_ll V|8 u”[? — A2
log |x| ¢ Vieg(2)
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Limiting absorption principle

The limiting absorption problem

Find u” € HY(Q), s.t.
div((x + iv)Vu”")=f in Q, +BCs, v>0.
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Limiting absorption principle

The limiting absorption problem

Find u” € HY(Q), s.t.
div((x + iv)Vu”")=f in Q, +BCs, v>0.

The goals
prove that u” — u' in L*(Q) as v — 04 and characterize the regularity of u"
define the limiting operator A", s.t. ATu™ = f
end of the talk: some partial results on the spectrum of A"

The first question: 1D/slab+constraints on a by Bruno Despres and his co-workers (L.

-M. Imbert-Gerard, R. Weder, O. Lafitte, M-C. Pinto, A. Nicolopoulos) using
explicit/semi-explicit computations (no well-posedness etc.)

We attempt in particular at obtaining results without the above constraints
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The LAP

The limiting absorption problem

Find u” € H(Q), s.t.
div((x + iv)Vu”’)=1f in Q, +BGCs, v>0.

The principal observation

By integration by parts (take as a test function xu”) it follows:

16 ll2g@y < GllFI = IxVu”ll2() < Callf]l
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Find u” € H(Q), s.t.

div((x + iv)Vu”’)=1f in Q, +BGCs, v>0.

The principal observation
By integration by parts (take as a test function xu") it follows:

16 ll2g@y < GllFI = IxVu”ll2() < Callf]l

A space of 'singular’ functions

Vsing(Q) :Vsing(QP) X Vsing(Qn)7
Viing () ={v € L2()) : Vv € L2 (),

loc

xVv € L*(Q;)+BCs} j € {n,p}

(cf. with |x|Y/2Vv € L2 for Vyeg)

An important difference with Vyeg

If v € Viing (Q) and div(xVv) € L%(2),
xVv - n|s #0.

Eg. v(x,y) =log|x|, xVv - n|y =1.
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The LAP result

The limiting absorption problem

Find u” € H(Q), s.t.
div((x + iv)Vu”)=f in Q, +BCs, v>0.

LAP
There exists C > 0, s.t. for all v > 0,

2 2
1o 13,y = 1”12 + /Q V2 < ClIf|.

11/26



The LAP result

The limiting absorption problem

Find u” € H(Q), s.t.
div((x + iv)Vu”)=f in Q, +BCs, v>0.

LAP
There exists C > 0, s.t. forall v >0,

2 2
1o 13,y = 1”12 + /Q V2 < ClIf|.

Sketch of the proof: (multiplier-like techniques)
Test with
VY= xu¥ + p¥, p¥ € HY(Q\ ) to be chosen:

—/ (X+fV)Vu”Vv"+/(x+iu)axu”h§Tﬂz/ .
Q\Z b Q

11/26



The LAP result

The limiting absorption problem

Find u” € H(Q), s.t.
div((x + iv)Vu”)=f in Q, +BCs, v>0.

LAP
There exists C > 0, s.t. forall v >0,

2 2
1o 13,y = 1”12 + /Q V2 < ClIf|.

Sketch of the proof: (multiplier-like techniques)
Test with
VY= xu¥ + p¥, p¥ € HY(Q\ ) to be chosen:

—/ (X+fV)Vu”Vv"+/(x+iu)axu”h§Tﬂz/ .
Q\Z b Q

7/ \XVU"\27/ anu”Ff/ xVu"VpY
Q o\x o\x

+/ ivOcu” [vE p¥] + extra terms in v :/ f(xu” + p¥).
b Q

11/26



The LAP result

The limiting absorption problem

Find u” € H(Q), s.t.
div((x + iv)Vu”)=f in Q, +BCs, v>0.
LAP

There exists C > 0, s.t. forall v >0,
1o 13,y = 1”12 + /Q Va2 < .

— / ‘XVUUF*/ XBXU"UT’*/ xVu"Vp¥
Ja o\x Jars

+/ ivO u” [y p¥] + extra terms in v :/ f(xu” + p¥).
PN Q

Key idea: take p” € H1(Q\ I) so that

7/ XBxul’Wf/ xVu"VpY = 7/ u’ u”
o\x o\x o\x
—_—

a(uv,p¥)
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The LAP result

The limiting absorption problem

Find u” € H(Q), s.t.

div((x +iv)Vu”)=f in Q, +BGCs, v>0.
LAP
There exists C > 0, s.t. for all v > 0,

2 2 2 2 2
161 iy = 1012 + | 2190 < eI,

7/ \XVU"F*/ X(?Xu”ui”f/ xVu"Vp¥
Q o\% o\%

—|—/ ivO u” [y p¥] + extra terms in v :/ f(xu” + p¥).
b Q

Key idea: take p” € HY(Q2\ ¥) so that

f/ xaxu"Wf/ xVu'Vp¥ = 7/‘ u” u”
Q\x Q\x o\x
a(u”,p¥)
Baouendi, Goulaouic '69: p¥ € HY(Q\ ¥), s.t.
div(xVp") = xOyu? — u¥ +BCs.
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A discussion

LAP
There exists C > 0, s.t. for all v > 0,
1 1By oy = 1122 + /Q Ve < ClF.

Main problems with the above result

m u” — uT in L2(Q), but not better, since Vsing () is not compactly embedded into L?(£)

m this space is a bad candidate for posing the limiting problem
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A discussion

LAP
There exists C > 0, s.t. for all v > 0,
1o 13,y = 1”12 + /Q XV < ClIfIP.

Main problems with the above result

m u” — uT in L2(Q), but not better, since Vsing () is not compactly embedded into L?(£)

m this space is a bad candidate for posing the limiting problem
ut € Vging indeed satisfies

Asingu+ =1, Asing =div(xV:), D(Asing) = {V € Vsing(Q) : div(xVv) € L2(Q), BCs}.

Construction of the kernel of Agj,g of infinite dimension (Nicolopoulos et al 2020)
For any g € Hor(Z),  (x,¥) = sg(x,¥) = g(y) log |x| in D(Asing)
Define Wy € Ve (2) satisfying the well-posed pb:
div(xVV,) = —div(xVsg) +BCs.
Then Vg + s, € D(Asing) and belongs to Ker Agp,.
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The situation is similar to formulating the limiting problem for —Au — (w + iv)?u = f in RY:
no existence in a smaller space (e.g. H'(Q)), but no uniqueness in a larger space (e.g. Vsing(Q))
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Main idea

The situation is similar to formulating the limiting problem for —Au — (w + iv)?u = f in R:
no existence in a smaller space (e.g. H(S)), but no uniqueness in a larger space (e.g. Vsing (Q))

Main idea

Introduce a radiation condition to ensure the uniqueness

1

|

Suppose that u” € H3(—1,1) solves

O((x + iv)ocu”) = f in (—1,1).

LZ
Then u” = u™, where

UT = Ufg + Ufg,  Ufing(x) = Allog |x| + inlico), g € H(—1,1).

Observation

The singular part: (log |x| 4+ imlx<o) ( Iin&+ log(x + iv))
v—

The regular part: globally in H*(Q2) (i.e. continuous across the interface X)
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A radiation condition

One candidate (works in 1D)

u(x,y) = g(y)(log x| + imlico) + treg(x, ¥),
where g € Ha. (X) 7, ureg € H'(Q) ?
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A radiation condition

One candidate (works in 1D)

u(x,y) = g(y)(log x| + imlico) + treg(x, ¥),
where g € Ha. (X) 7, ureg € H'(Q) ?

A 2D technical difficulty
ge H;e/,z():) and e, € HY?(Q) with dxure € L2(Q) (sharp)

P
AU, =0 | AU, =0

A construction of the 'radiation’ condition

Instead of g € Hpl? (), take its lifting U, (x,y) € H*(Q):

AU, =0in Q\ X,
¥ Uy = g + BGs.
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Radiation condition

A new radiation condition

We will say that u € D(Asing) satisfies (RC) if it can be written as follows:

U(ny) = Using(X,y) + Ureg(X,y),

with the singular part
Using(X,y) = U(va)(log |X| + i7T1X<0)7

where U € H'(Q) is s.t. (this is a lifting of g above)
AU =0inQ\ ¥, +BCs.

and the regular part u.e; € H'75(Q) N V,eg(Q), for all € > 0.
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A new radiation condition

We will say that u € D(Asing) satisfies (RC) if it can be written as follows:

u(x,y) = using(X,¥) + treg(x, y),

with the singular part
Using(X,y) = U(va)(log |X| + iﬂ—lX<0)7

where U € H'(Q) is s.t. (this is a lifting of g above)

AU =0inQ\ ¥, +BCs.
and the regular part u.e; € H'75(Q) N V,eg(Q), for all € > 0.
Why H'=¢ for the regular part

Not stable in D(Asing): Using € Vsing but div(xVusing) ¢ L*().
Because div(xV (Ureg + Using)) € L2, div(xVureg) ¢ L3(Q)

If the above decomposition exists, it is unique.

Conormal derivative

_ _
xVu- "|): = x6Xu|,: = U 15/26



Radiation condition

does the limiting solution u™(x, y) satisfy the new radiation condition?

definition of A" with the above radiation condition
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| will show in detail how to construct the singular part only. We want
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Radiation condition

Two questions

does the limiting solution u't(x, y) satisfy the new radiation condition?

definition of A" with the above radiation condition

Answer to the first question

The limiting absorption solution u™(x, y) satisfies the (RC).
Moreover, u” — ut in HY/275(Q) for all & > 0.

Sketch of the proof: find a decomposition s.t.

U”(X,¥) = Using + Ureg,
Ulng = Uting,  Ureg — Ujeg
| will show in detail how to construct the singular part only. We want
g (%, ) = U(x, y)(l0g [x] + inLezo) = U(x, y) lim log(x + iv).
AU=0in Q\ X+ BCs, Uly=xVu -n

s
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The limiting problem

The limiting problem

At ut = div(aVuT) = f, where

D(A") = D(Asing) N {Vv € Vsing : v satisfies the (RC)}.
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The limiting problem

The limiting problem
At ut = div(aVuT) = f, where

D(A") = D(Asing) N {Vv € Ving : v satisfies the (RC)}.

Theorem
0 € p(A™).

For presentation purposes: the existence follows from the LAP. | will concentrate on the
proof of uniqueness only (Rellich-type lemma)

An auxiliary result

Assume u € D(A") and ATu=0. If xVu-n|y =0, then u=0.

It remains to show that for u € D(A")

div(xVu) =0 = xVu-n|y =0 (<= U|, =0)
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The Green formula and the operator equation

The Green formula (Ciarlet, MK, Peillon '23, subm.)

Let v,q € D(A"), and let additionally:

vV = V('Og |X| + i7r1x<0) = Vreg
q = Q(log |x| 4+ imli<0) + Greg-
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The Green formula and the operator equation

The Green formula (Ciarlet, MK, Peillon '23, subm.)

Let v,q € D(A"), and let additionally:
v = V(log|x| + imlc<o) + Vreg,
q = Q(log |x| + iTli<0) + Greg-

Then
(A*v,q) = (v, A*q) = / XVv - n[od] - / XVq- V]
> >

= —2i7r/ VQ.
bx

Here [y0.] = 73%,, - %z’p_

An application (proof of uniqueness)

Let u € D(AT), div(xVu) =0, take v = g = u in the above:
0= —2i7r/ |Udx.
b

Thus Uly =0 = u=0.
18/26



A conclusion

m LAP

m A" with the radiation condition
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A conclusion

m LAP

m A" with the radiation condition

The remaining part of the talk

What can be said about o(A")?

19/26



On a spectrum of the operator A™

A compact embedding

With the radiation condition: D(A") C H/?75(Q)
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On a spectrum of the operator A™

A compact embedding
With the radiation condition: D(A") C H/?75(Q)

A remark

If the spectrum of A" is non-empty, it is a discrete set.

A property of the eigenvalues

From the Green's formula it follows that the solutions of A™u = \u satisfy

IxVu- ”||i2(z)

Im\=—m
l[ull?
Therefore, o(A") C {z€ C: Imz <0}

Conjecture: o(A") is non-empty, has infinitely many eigenvalues and belongs to
C :={zeC: Imz <0}
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Results for a toy 1D problem

A toy problem

Find u € D(A{p) = {u € Vsing : u(x) = U(x)(log |x| + imlcco) + umy (x)} and A, s.t.

Ox(x0xu) = Au, on (—1,1), u(—-1)=u(l)=0.
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A toy problem
Find u € D(A{p) = {u € Vsing : u(x) = U(x)(log |x| + imlcco) + umy (x)} and A, s.t.

Ox(x0xu) = Au, on (—1,1), u(—-1)=u(l)=0.

It can be shown that o(A{,)NR =10
Explicit solution (princ. def. of ,/7)

u(x) =ah(2VAx)+b  Ko(2VAx)
w_/ N’
entire,even ~— log(2v/Ax), |x| =0

The spectrum
From the reflection symmetry arguments, it follows that
U(AILD) C iR_.

A more precise information on the spectrum can be obtained by solving, for A € iR™:

b(2VX)  Ko(2vA) ) _
det (uzm) Ko(zm)) =0
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+
Spectrum of AJ,

The spectrum of AT (asymptotics of special functions)

[Xo] < |A1] < ....., and we have, as k — +o0:
Ak = —i i + o(K?)
T T lesin’T '
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+
Spectrum of AJ,

The spectrum of A+ (asymptotics of special functions)

[Xo] < |A1] <....., and we have, as k — +o0:
A = _,ﬁ + o(kz)
T T lesin’T '

Why is this somewhat surprising

For the eigenfunction

u= a)\lo(2\/);) + Ko(2\/A7),

recall that (in 1D):
1

™
4 [laxh(2vAx) + Ko(2V/Ax)|12,

ImA=

As A — oo,

— log(2v/Ax), A7
axlb(2VAx) + Ko(2vVx) ~ K0(2\/)\x)~{ e_gg(m x) :i: i :/\:_1
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Eigenfunctions

Re u
Imu
o
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Eigenfunctions

1
0.5 -
. . 3
& £ 0 \\
—05} -
_1—1 0 1
X X

Many open questions (convergence of eigenvalues when v — 0, spectral asymptotics,
eigenfunction 'localization’ etc etc)

Thank you for your attention !
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