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Scattering theory for self-adjoint operators

Schrodinger operators Scattering matrix
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> eg. VeCr(R;R) > S(k) for k > 0 unitary
> H =H*in [2(R) » S(-) describes scattering stateszof H
> (eitH)te]R unitary group by scattering states of Ho = —%
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Scattering theory for self-adjoint operators

Wave operators Absolutely continuous spectrum

> For Hg, H self-adjoint absolutely
continuous spectrum defined via

—a_ |; itH —itH o pac
Wi(H, Ho) i=5— lim e7e "m0 Py spectral measure
W_(H, Ho) == s~ lim el itHo PEf > Absolutely continuous part defined via
t—>—oo image of spectral projection

Existence and Completness of W,

> If W, exist and surjective, then
. absolutely continuous part of Hgy and
S = Wi (H, Ho) W-(H, Ho) ‘H unitarily equivalent

> Scattering theory ~ perturbation
theory for absolutely continuous
spectrum

Scattering operators
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Scattering theory for self-adjoint operators: point interaction
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Point interactions = boundary conditions

D(A(A, B)) := {1 € H?(0, 00; C)?: Ayp(0) + Box(0) = 0},

A(A, By = 024

Generalized eigenfunctions
Find S(k) such that

(X, k) = e + S(k)e"™
satisfies

AY(0, k) + Box(0,k) =0
then

S(k) =—(A+ikB)"1(A- ikB)

Scattering matrix

> S(k) for k > 0 unitary if and
only if —A(A, B) self-adjoint

> S(.) defines scattering
operator S = W} W_

> (-, k) span absolutely
continuous part of ~A(A, B)
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Scattering theory for dissipative operators

Optical model

incoming wave e~ /\Hansmitted s12(k) e
ANNNANNNNANNAS ANNANNNNANANNANNNSD

T ¢ ) ? -t H=Ho+V+iC*C,
SNANNNNNNNN .
reflected sq1 (k)& V=V*and Ce L(X)

> Davies (1978, ...)

» Faupin, Frohlich et al.
(2018, ...)

, Complex §-coupling

incoming wave e~ %1 ~&y transmitted s (k)e**
’\/\/\/\g/\/\/\/\/\/\—> /710 W H = 7‘[0 + 0650,

- > > === «a€c{Rea<0,Ima<0}
W
reflected sy1(k)e™*

» Kadowaki et al. (2003, ...)

» Behrndt, Malamud, Neidhardt
(2007, ...)
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Scattering theory for non-self-adjoint operators on star graphs

. ! - Generalized eigenfunctions
‘ ‘ Find S(k) such that
g L0, ) (X, k) = e + S(k)e"™
satisfies

, - Ay (0, k) + Baxp(0,k) =0
Spectral singularities )
then

det(A + ikB) = 0 S(k) = —(A+ikB)™" (A- ikB)

Resolvent

> Imk >0, then —k? eigenvalue Integral kernel for Imk > 0

> otherwise k spectral
singularity e —Ld' K-yl
raB(X,y;—K") = oK iag{e }eg

; idiag{eikxf biee S(k, A, B)diag{€" }ce
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Model case on the half line

Operators and forms
Consider in L?(0, oo; C) the operator

Ayu=0%u with D(A.):={ueH?(0,00;C):yu(0) + u'(0) =0}, yeCu{oo}
The operator —A,, is associated with the quadratic form
5 [ul = [ Ioxu()Pdx —1u(0)F, ueH'(0,00,C) if yeC,
Soo[U] = f0°° Bxu()Pdx, ueHI(0,00;C) if 7= oo,
Adjoint in L2(0, oo; C)

(Ay)*" =Ax, ~veCu{oo}.

Spectrum and spectral singularities

%) if Rev <0,
or(-Ay) =@, oc(-Ay)=[0,00) and op(-Ay) =0pp(-A~) = { 2 !

-y~ ifRevy >0,
2 .
: : —y= ifyeR,
spectral singularity =
P J d {@ else,

7/11



Model case on the half line
Co-contraction semigroups

(a) The operator +iA~ is m-dissipative if and only if Re (-iv) < 0, that is, Im (v) < 0;
(b) The operator —iA~ is m-dissipative if and only if Re (+iv) < 0, that is, Im (v) > 0;
(c) The operator iA~ is skew-self-adjoint if and only if Im () = 0;

(d) All £iA generate (not necessarily) bounded Cy-groups.

Pre-wave operators

W(-A,,-Dg,t) = eve ™0 for teR,
W(-Do,-Ay, 1) := B0 ™7 pr for teR,

Absolutely continuous subspace
If —iH dissipative’, then

ffac:(apl) = lb1(?F£)
where

M(H) = {ue H,3cy >0,V e H, [0°° l<e ™y vs Pat < cU||v||2}.

1compare Davies (1978)
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Model case on the half line: Existence of wave operators

Resolvent difference

i
rag(x,y; —k?) = — ekl
aB(X,y ) oK
I ikx ik
+ —e"S(k,A, B)e"
oK ( )
Therefore,

ro.1(X,y; —k?) = rag(x,y; —k?) =

I ikx ik
— "1 -8(k,A, B)]e"
ok | ( )]

and

i . .
o e/kx e/ky _
2k

1
5(f0,1 (X, ¥ —K?) = r1.0(x, ¥; —k%))

Enf3 method
Splitting into “Ingoing” and “outgoing’
spaces using dilation operator

% (XOx + OxX)
... = Existence wave operators

Cook-Kuroda method
Difference of resolvents trace class
... = Existence wave operators

Extension to self-adjoint system

Extension theory for symmetric operators
with finite deficiency indices
... = Existence wave operators

Absolutely continuous subspace

Replace semigroup by resolvents
e = Hac(iAry) = Hp((lAfy)*)l
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Scattering theory for non-self-adjoint operators on star graphs

Generalized eigenfunctions
Find S(k) such that

(X, k) = e + S(k)e"™
satisfies

AY(0, k) + Boxy(0,k) =0
then

S(k) = —(A+ikB)™' (A - ikB)

Assumption
For orthogonal projection P,

A=L+P and B=P*, where

L=P+LP* and L diagonaliziable

Im(L) <0

Wave operator
Then one has the existence of

s- lim W(-A(0,1),-A(A B),1)

=Ss—- |lim e

[——o0

s— lim W(-A(A,B),-A(0,1),1)

[—+o0

itA(0,1) g=itA(AB) pL
p

_s_ lim eA(AB) g-itA(0,1)

[—+o00

and on the half line
5= lim W(-2y,-80,0f = [~ w(0IK)%,

[—=+o0
F(k) = 2 fo ~ cos(xk)F(x)dx
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Scattering theory for non-self-adjoint operators on star graphs

“ : . Assumption

. ’ For orthogonal projection P,
[0, ) A=L+P and B=P:, where

L=P+LP+ and L diagonaliziable
Im(L) <0

Spectral singularities .
Conjecture
Wave operators
det(A+ ikB) =0
s— lim W(-4(0,1),-A(A,B), 1)

: tA(0,1) ;—itA(A,B
> Imk > 0, then —k? eigenvalue =5 lim_ 40D e tBAB) p)
> o.therwisfe k specitral s— lim W(-A(A, B),-A(0,1),1)
singularity (=00
—s— lim eA(AB)g-itA(0,1)
—+oc0

(asymptotically) complete if and only if there is no
spectral singularity
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Scattering theory for non-self-adjoint operators on star graphs

Spectral singularities

det(A + ikB) = 0

> Imk > 0, then —k? eigenvalue

> otherwise k spectral
singularity

Thanks for your attention!

Assumption
For orthogonal projection P,

A=L+P and B=P*, where
L=P+LP+ and L diagonaliziable
Im(L) <0

Conjecture
Wave operators

s- lim W(-A(0,1),-A(A,B), 1)

DT itA(0,1) o—itA(A,B) pL
=S— lim e e Pp

——o00
s—tlim W(-A(AB),-A(0,1),1)
—+ 00
_s_ lim eltA(AB) g=itA(0,1)
—+oc0
(asymptotically) complete if and only if there is no
spectral singularity
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