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Non-trivial lower bounds

Classical Hardy mequallty

Dun —unaf? 2 anw ue £(N),

e improvement to optimal weight

KPP n—1 n+1
Pn =2-
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Non-trivial lower bounds

Classical Hardy mequallty

1
Z'u"_u" 1| >an|un| UE(Q(N), up := 0, pn:ﬁ
e improvement to optimal weight [Keller-Pinchover-Pogorzelski'18, Krejtitik-Stampach’22]
KPP n—1 n+1
Pn =2- -
n n
e weight p is lower bound for Laplacian > _1
-1 2 -1
—A>p on F(N), —-A= -1 2 -1
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Non-trivial lower bounds

Classical Hardy mequallty
1
Z'un_un 1| >an|Un| UE(Q(N), U = 07 Pn =

e improvement to optimal weight [Keller-Pinchover-Pogorzelski'18, Krejéifik-Stampach’22]
KPP n—1 n+1
Pn =2- -
n n
e weight p is lower bound for Laplacian > _1
-1 2 -1
—A>p on (N), -A = 12 -1
e no classical Rellich inequality
c

(—A)z > oy - c<0 [Huang-Ye'24]

e bilaplacian is critical
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Non-trivial lower bounds

Classical Hardy mequallty
1
Z'un_un 1| >an|Un| UE(Q(N), U = 07 Pn =

e improvement to optimal weight [Keller-Pinchover-Pogorzelski'18, Krejéifik-Stampach’22]
KPP n—1 n+1
Pn =2- -

n n

e weight p is lower bound for Laplacian > _1
-1 2 -1
—A>p on (N), -A = 12 -1
e no classical Rellich inequality
C
(—A)z > oy - c<0 [Huang-Ye'24]

e bilaplacian is critical

- p=0 discrete 22 continuous
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Spectral stability

e perturbation by complex valued bounded potential {v,},

e spectrum of —A + v unchanged 7
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Spectral stability

e perturbation by complex valued bounded potential {v,},

e spectrum of —A + v unchanged ?

Theorem [KrejciFl’k—Laptev—étampach'22]

If —A > c|v| with ¢ € (0,1) then

o(—A+v)=0.(—A+v)=0(-A) =0.(—A) = [0,4].
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Spectral stability

e perturbation by complex valued bounded potential {v,},

e spectrum of —A + v unchanged 7

Theorem [KrejciFl'k—Laptev—étampach'22]

If —A > c|v| with ¢ € (0,1) then

o(—A+v)=0.(—A+v)=0(-A) =0.(—A) = [0,4].

e Birman—Schwinger principle
e possibly embedded eigenvalues if c =1

e subordination condition in continuous setting
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Criticality transition

bounded A > 0 on /*(N) is critical if
VO#p={pa} >0

infa(A—p) <0
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Criticality transition

bounded A > 0 on /*(N) is critical if

VO£p={pn}>0 : infa(A—p)<O0

—A = -1 2 -1 on £(N),  o(-A)=[0,4]

Theorem

The powers (—A)“ with a > 0 are critical if and only if a > 3/2.

criticality transitionJ
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Criticality transition

bounded A > 0 on /*(N) is critical if
VO#p={pa} >0 : info(A—p) <O

—A = -1 2 -1 on £(N),  o(-A)=[0,4]

Theorem

The powers (—A)“ with a > 0 are critical if and only if a > 3/2.

criticality transition

e o € N : Birman inequalities in continuous setting

[Birman'61, Glazman'65]

1)? Rellich’
(—A)" > (2a))” 1 [Rellich'56]
~ 16%(a!)? x2
e powers of discrete Laplacian on full line Z critical iff o > 1/2 [Ciaurri-Roncal’'18, Keller-Nietschmann'23]
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Strategy

e Birman-Schwinger principle

rea((=A)" —»)

Borbala Gerhat (ISTA)
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Strategy

e Birman-Schwinger principle

rea((=A)" —»)

bounded p = {pn} > 0 and A € R_

= —leo(-yval(-0)" ~ N p)

VneN : lim ((=A)* =\, =00 —> criticality
A—0—
VY m,n€N sup ((=A)* = Nk < Con =  subcriticality
AER_
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Strategy bounded p = {p,} > 0and A € R_

e Birman-Schwinger principle

Neo((-A) —p) = —leo(—Va(-A) —A) V)

VneN : lim ((=A)* =\, =00

A—=0—

VmneN i sup ((=A)" = N)mn < Coon
AER_

—

=

criticality

subcriticality

e unitary equivalence to multiplication operator
o —1
(—A) = Z/{ Mgu(l_x)n'u

e matrix elements of resolvent

(—A)* — Nk = 3/ _ Un()Un(x)

) 2% —x)* — A
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Subcritical regimes

Theorem

There exists v = y(a) > 0 such that

(=8)" = p,

Pn =

a € (0,3/2)
a#1/2
a=1/2.

Hardy type inequalities
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Subcritical regimes a € (0,3/2)

Theorem

There exists v = y(a) > 0 such that

s a#1/2

—A)* > p, N
(=A)* =p P a=1/2.

Hardy type inequalities

e expected optimal decay rate as n — oo

e o €(0,1) : continuous setting

« K/a
(=A)* > p, p(x) = ey
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Subcritical regimes a € (0,3/2)

Theorem Hardy type inequalities

There exists v = y(a) > 0 such that

s a#1/2

—A)* > p, N
(=A)* =p P a=1/2.

e expected optimal decay rate as n — oo
e o €(0,1) : continuous setting [Bogdan-Dyda'11]

« K/a
(=A)* > p, p(x) = ey

? optimal weights for o # 1
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a€eN

e discrete Birman inequalities

Discrete polyharmonic operators

(-ay = {82 o He)

HOD‘(N)::{UGEZ(N) : uo:-~~:ua,1:0}

[Gupta’'24, Huang-Ye'24]
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a€N Discrete polyharmonic operators
e discrete Birman inequalities

(-ay = {82 o He)

HOD‘(N)::{UGEZ(N) : uo:---:uaq:O}

[Gupta'24, Huang-Ye'24]

e continuous analogue on

Hg' (Ry) = {f € H*(Ry) : FO(0) = - = F*"D(0) = 0}
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a€N Discrete polyharmonic operators
e discrete Birman inequalities [Gupta'24, Huang-Ye'24]

(-ay = {82 o He)

Hg‘(N)Z:{U€€2(N)ZUO:"':UQ71:O} J

e continuous analogue on

Hg' (Ry) = {f € H*(Ry) : FO(0) = - = F*"D(0) = 0}

Theorem improved Rellich inequality
One has (—A)? > p on H3(N) with

—1 3/2 13/2 —9 3/2 23/2 1
e () () (52 ()5 3
n n n n 16 n*
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Strategy [KrejeiFik-Stampach'22, KrejéiFik-Laptev-Stampach’22]

5 —4 1
) —4 6 —4 1
(-A)y=]1 -4 6 -4 1
e remainder factorisation ansatz
al b1 C1
, a b (6)
(=AY —p=FR'R, R= a3 bz C3
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Strategy [KrejeiFik-Stampach'22, KrejéiFik-Laptev-Stampach’22]

5 -4 1
-4 6 -4 1
2
(-A)y=]1 -4 6 -4 1
e remainder factorisation ansatz
aa b a
, a2 b o
(-A) —p=R'R, R = as bs C3
e only existence and asymptotics of a, b, ¢
e weight p not optimal [Huang-Ye'24]
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Hardy :

p:

Supersolution construction

[Keller-Pinchover-Pogorzelski'18]

(=8)vE
NG

’ 8n=n
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Supersolution construction [Devyver-Fraas-Pinchover'14]

Hardy : [Keller-Pinchover-Pogorzelski'18] | Rellich : [G-Krejifik-Stampach’24]

A —A)?
( )\/E’ g —n p:(A)\/E g = 1
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Supersolution construction [Devyver-Fraas-Pinchover'14]

Hardy : [Keller-Pinchover-Pogorzelski'18] | Rellich : [G-Krejifik-Stampach’24]
(-0)ve —A)?
poTAVE ,oCAYvE s
V& V&
Conjecture
The Birman inequality (—A)® > p holds on Hg'(N) with
—A)* g a—
o= (=4) \f7 g, = 2oL
NG
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Supersolution construction [Devyver-Fraas-Pinchover'14]

Hardy : [Keller-Pinchover-Pogorzelski'18] | Rellich : [G-Krejifik-Stampach’24]
(-0)ve —A)?
,oZBve p:( )ﬁ’ & =n
V& V&
Conjecture
The Birman inequality (—A)® > p holds on Hg'(N) with
—_A)
o= ( ) \/E7 gn = n2a71
NG

e remainder difference operator of order «

e would improve upon classical weight

((2a)? 1

Pr = 160 (al)? 2o
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Optimal Birman weights

Theorem [Stampach-Waclawek'24]

The Birman inequality (—A)® > p holds on Hg*(N) with the optimal weight

a—1

(-A)* Ve 2
p:Tf: gn:”H(”*J)

j=t
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Optimal Birman weights

Theorem [Stampach-Waclawek'24]

The Birman inequality (—A)® > p holds on Hg*(N) with the optimal weight

a—1

(-8)*VE N2
p=—"2 g=n]](n-J)
V& .
Jj=1
e improves upon conjectured weight with g, = n®*~!
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Optimal Birman weights

Theorem [Stampach-Waclawek’24]

The Birman inequality (—A)® > p holds on Hg*(N) with the optimal weight

a—1

(-A)* Ve 2
p:%, gn:ng(nﬂ)

e improves upon conjectured weight with g, = n**~?

e iterative application of weighted remainder formula [Huang-Ye'24, Krejéitik-Laptev-Stampach’22]

div (wV [ &n n
ZOJn|VUn‘ +Z g | nl an+1 iurﬁl_ gg:IUn

e discrete gradient and divergence
Vun, = tupy1 — up, div up = up — Up—1, —A=—divV

e abstract remainder identity for higher order Birman case
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