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Setting :

- A + W on (3(IY)

WEL9(MM) complex , 92 /decaying)
Interested in bounds on the

· "size"
· accumulation

· number

of discrete eigenvalues-



-or real potentials ,
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For complex potentials ,
17 ; /VISIV/2+ dx In = 1 , t = t due to JAbramov , Aslanyan , Davies

12m [n > 2 due to Frank J

Vo= If N z.



Conjecture (Lapter - Safronov )
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Counterexample (Bogli-C . )
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Open problem
· Provide a purely constructive proof of the

counterexample ↑

⑨ Can one use a combination of many such "needles"

to produce many eigenvalues ?



Counterexample also shows optimality of:
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Q : Under what structural assepts. on V do we
have improvements P



Improvements under structural aspts. on V :

a) radial : =1-87 * (Frank-Simon)

b) sparse : SII-SupSig (c)

c random : v = 1 - + < z + 1 CC. -Merz)

Also expect improvements if "V does not look

like the counterexample "



Open Roblem 2 : Prove

1212 = sup SIVI =: /I XVII o
le

· True for radial V(Barcelo-Ruiz-Vega , Frank-Simon
· Related to the "Mizohata-Takerichi conjecture"
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Random Potentials
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Im (C .-Merz)
For UE + 1 , every eigenvalue z

of-A+Va Satisfies

(21)
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Proof uses an entropy bound due to Bourgain
and E-removal machinery due to Tao .

For n= 2 , j = 2: MS IV13
-

Open Problem 3 Prove for n = 2

= MS 1V14

This is related to a conjecture of Bourgain.



Consequence for Bogli-C . Counter example :

"Randomization on suff - small scale h

destroys counterex , almost surely .
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Sums of eigenvalues
Consider bounds of the form

[[ 1; (BSN
· Demuth-Hausmann-Katriel : x=8 = 1 , B = y+ z + E
· Frank-Sabin/Frank : Bounds w . U 1 B= 1 , 1
· C

. -Keedle-Isach : Bounds w. A , B = 1,
for radial potentials



E . g . n= 1 : Edist(zj . Spec (*) (SIV)
Optimality (? )

S S

① Is B= 1 optimal ? ② Is (1) optimal ?

Mostly open problems !

Re : ② on = 1 bound optimal

· J probably optimal in many cases
I



Potential counterexample :

Assume = family (VR) [Lomp(R") S . t .

a) Il Villa -1 , SuppVBCOR)

b) FO <S(1J (30 s . t . -At Ve has at least
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-Rez CgR2

+S

ERs = (ze :C2S 3Cs Imz C
Then the best possible bound is

E2im-B)



Open tablem 4

ProveJ such a counterex.



In the random case -A + Vw ,

Ei dist(t, spec(-D)) = ll (H)
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two outside a set of small measure.
0x11

Open Problem 5 : Prove this with 11 Vall
non-

L
the rhs.



Number of eigenvalues

One motivation for the counterex, is the following
upper bound

*

(C . ) If IIVIIx <1 , suppVCBLOiR) , then

N(V) : = #eigenvalues of -A+V3 < R2n

Frank-Lapter - Safronov : >0
2

- p2(+ 1)NIV)[(g-Se (
* Also : Effective bounds on # resonances in Bloir) 3= nv (r)
Zwarski : nucr) - Cur



- Ag on Compact manifolds

(Mig) Riemannian mf . dimM =n 12

closed ( = cpt . + yM = b)
-Agt; = 14; 10x1 ... X ; + + 0

Sogge :
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Resolvent :

1 - Ag -z) f = [(x-z)" (tjf) +i
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Non-uniform bounds :
(z(8(P)
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For manifolds with negative curvature

one can improve rj by a logarithm of Xj
and on the torus by a power of j.



Compare e.g . to Landau Hamiltonian in 2d :

L = (- iax +z) + ( izy - z)2
spec(() = &Xu = 2h + 1 , h = 0 , 1... 3

Speci+v) & UBAm , CIVIAcRy An
↑

shrinking
clusters



Some general proof techniques
· Bounds for "size" usually based on Birman-

Schwinger principle :

:
BS(z)

ze spec (-A+V) => - le spec (IVIE (-A-z)" VE)

1 llBS1l - IIVI1g Il (A- z)
"

(pl+p( = - b)
· Reduced to resolvent bounds

· Localize in frequency : RA) = ((t-z)"d aand scale to 11= An 1



·If supp(V) CBp my Con blur in free on scale :

S (1-z) + 2)"III=1/ dX
d)

↓- 1

dEXlogRSup IIIEVd)
·

=E Eg(=Seitg(s)d)
us /I E * II E//p(g) ->&(S")

· E-removal to get rid of log R and R+x.



· Bounds for sums/number of e . r . usually
based on analysis of determinants , e .g.

det (1 + [BSE)]).
· Need good bounds on Schatten norms

of BS(z) , e . g.

llBS(z)((gn+1 (B(L2(V) = 121
if

/VIIque >
[Frank-Sabin]



· These are dual to bounds for ortho-

normal functions
, (filfi) = Sij :

1)(fi) NI-E

· Analogues on manifolds : replace E by

#x = 1 (fg + [x , + +1])



Thank you for your
attention


