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Let (—A+ W) =2p, x€R?% W is A-compact.

I. Whenis zy = 0 a “virtual level” of —A + W?

2. Ifitis not, (—A+ W — zI)"': ;¢ — 72?2, uniformly bounded near z;?
3. Is 29 = 0 a “virtual level” if and only if there is ¢ € L>(R?)\ 0?

4. What if W is nonselfadjoint and/or nonlocal?

1/12



1 Radiation principle and LAP

Helmholtz equation: (—A — 2)u(z) = f(z) € L*(R?), s € R’, 2 C
I

47 ||

If 2 € [0, +00): unique L*-solution u(z) = (—A — 2I)7}f =
If 2 = k%, k > 0: could be no L?-solution; a solution is not unique.

A way to specify a unique solution: “radiation principle”

» Limiting absorption principle (LAP) [Ignatowsky", Sveshnikov™’]:
U(QZ’) = lim (—A—(k+ig)2])—1f(x)7 SO u(x) ~ lim e—|—i(k+i&)r/7,, -~ €—|—ikr/fr

e—0+ e—0+4+

» Sommerfeld radiation condition [Sommerfeld'?]:

ou .
1 - ] — ~ pHikr
Thm r( - 1ku) 0, so u(z)~e™"/r
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Further development of LAP

e Limit of the resolvent at the essential spectrum in certain spaces,
[Eidus®?, Vainberg®, Rejto®®, Agmon’’]:

3 lim  (=A -zt LARY — L2 (RY), Vs>1/2, Vd>1
z—20>0, Im 2>0
Joall gy 2= 1L+ ) 2]
Whatif z —» 2y =07?
d = 3, LAP [Nirenberg & Walker”?, Jensen & Kato”’]:

3 lim  (—A—z)' LAR?) — L2 (R, Vs, s >1/2, s+s >2
2—0, 2&[0,400)

=1, : — — ~N —— t —
no ( . Z ) _Z ﬂ mit as 2
d=2,n0 LAP: (—A —zI) b —In|z —y| —Inv—2, ﬁ limitas z — 0
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2 Virtual levels and virtual states

Singularity of the resolvent at threshold (usually for —A + V' near z;, = 0):

[Birman®!, Faddeev®, Vainberg®®, Yafaev’*, Vainberg”, Simon’®, Rauch’®]...
d = 3: [Yafaev’>, Jensen & Kato”] at most one virtual state “s”

d = 2: [Bollé, Gesztesy, & Danneels®], [Jensen & Nenciu"!]

TN EITINAL)

up to three virtual states: “s*”, “p

boundedness of [V [2(—A + V — zI)1|V|z

(weights are not optimal!)
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Definition 1 (Virtual levels, virtual states).

[Boussaid & Comech?!, Boussaid & Comech??]

ActX), EXBF, QCpld); FAcE(F), poA=Aog
> 20 € 0es(A) N OS2 satisfies LAP relative to E. F, (2 if

3 (A—zl)gpp = wlim (A—zl)"': E—=F

2—20, 2€82

» 2, virtual level relative to E, F,(? if 3 B: F — E, A-compact, s.t.

3 (A+B—zl)gyo = w-lim (A+B—z[)"': E=F

2—20, 2€82

e B € Hy(F,E); smallestrank of such B: rank of virtual level z,

o virtual state: U € Range ((A+B—2l)gk ), U #0, (A—z)¥ =0
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Examplel. N:X — X, 2+ 0. IfdimX = oo, then (N + B — 2I)~! does
not satisfty LAP relative to E, F,C \ {0} forany E — X — F, B € %, (F,E)

6/12



Examplel. N:X — X, 2+ 0. IfdimX = oo, then (N + B — 2I)~! does
not satisfty LAP relative to E, F,C \ {0} forany E — X — F, B € %, (F,E)

Example 2. L, the left shift in /*(N), o(L) = {|z]| < 1},

L—zI =

1

—Z ...

)

(L—zI)' = —

-1 2—2 -3
0 Z—l -2

satisfies LAP at any |z| = 1 relative to (}(N), /*(N), {|z| > 1}
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Examplel. N:X — X, 2+ 0. IfdimX = oo, then (N + B — 2I)~! does
not satisfty LAP relative to E, F,C \ {0} forany E — X — F, B € %, (F,E)

Example 2. L, the left shift in /*(N), o(L) = {|z] < 1},

L—zI =

1

—Z ...

)

(L—zl)™' = —

satisfies LAP at any |z| = 1 relative to (}(N), />*(N), {|z| > 1}

Example3. A=< in [*(R), o(4)=iR

IfRez <0, (

dx

d
(@—Z

, |zl > 1

Ju= f(z)
20) 7 e ule) = [Tt fy)dy, LHR) — LY(R)

satisfies LAP at any z; € iR relative to L2(R), L? ,(R),{Rez < 0}, s > 1/2
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Remarks:
e A virtual level may be an eigenvalue (if the corresponding W is in X)
e Virtual levels at endpoints are known as “threshold eigenvalues/resonances”

e “Critical” Schrodinger operators have virtual levels at thresholds

[Simon®!, Murata®®, Gesztesy & Zhao', Pinchover & Tintarev%]
e Spectral singularities [Naimark>*, Schwartz®®, Pavlov®®, Ljance®’]:

selfadjoint operators have no spectral singularities but could have virtual levels at
threshold points.

e Not related to “c-pseudospectrum’ [Landau’]
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Theorem 1 (LAP vs. virtual levels).
Let A satisfy LAP at 2y € 0e(A) N OS2 relative to E, F, 2

If B:F — E is A-compact, then either A + B satisfies LAP at z,
or z is a virtual level (of rank » > 1) relative to E, F, {2
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Theorem 1 (LAP vs. virtual levels).
Let A satisfy LAP at 2y € 0e(A) N OS2 relative to E, F, 2

If B:F — E is A-compact, then either A + B satisfies LAP at z,
or z is a virtual level (of rank » > 1) relative to E, F, {2

Theorem 2 (LAP vs. bifurcations from o.(A)).
Let 2y € 0ess(A) N OS2 be of finite rank r > 0 relative to E, F, (2

3 a (desired) bifurcation of a family of eigenvalues from z; into {2 under an
arbitrarily small perturbation from %,(F, E) iff » > 1

z€ 2Cp(A)

'Zj c O'p(A -+ B])

Zj =7 20, HBJHF—>E — 0 asj — OO
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Theorem 3 (Resolvent from codimension-1 resolvent).

Let A€ ¥ (X), zg€a(A)Nos2.

Assume 3P = P’ € B(E), 3Q = Q* € A(F), rank P =rankQ =1,
(A—2I)"Y(I - P), (I—-Q)(A— 2I)"!satisfy LAP at 2 relative to E, F, 2

Then zj is a virtual level of A of rank 1 relative to E, F, {2
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Theorem 3 (Resolvent from codimension-1 resolvent).
Let A€ ¥ (X), zg€a(A)Nos2.
Assume 3P = P’ € B(E), 3Q = Q* € A(F), rank P =rankQ =1,
(A—2I)"Y(I - P), (I—-Q)(A— 2I)"!satisfy LAP at 2 relative to E, F, 2
Then zj is a virtual level of A of rank 1 relative to E, F, {2
Proof: LetP =¢(&, ), Q=Wyn,-); denote B=¢(n,-): F - E
0. € F: W, —Wy, 1= (A— 20, 50, (A+B—2)0, =7, + ¢(n, )
e Tosolve (A+ B —z)ju=g € E:
v.i= (A= 2D (= P)g = (A+B—zp.=(—-Plg+onv.)
w, = (A—z[)"YI-P)yr. = (A+B—2)w.=(I—P)r.+ ¢(n,w.)

= Uu=cv,+cw,+c¥, eF 1, Co, c3 € C uniformly bounded in z
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3 Application to Schrodinger operators in 2D

Theorem 4 (LAP vs. virtual levels in 2D).
Let W: L2, ,(R?* — L7 ,(R?) be A-compact, pi, v > 3, p+v>2, v <

N

Either there is LAP for Ry (z) = (—A+ W — zI)~!,
(—A+W —20)7": LT (R*) = L7 (R?), 2—=0, z€p(=A+W)
or Vel (R, U#0, (—A+W)¥=0;
moreover, if W: f(z)— V(z)f(x), |V(z)| < C{x)"27", then ¥ € L®(R?)

112, = [K@)* (In(1 + (2)))" |l .2

Example 4. U = (In(1+ <x>))1_0 can be a virtual state: let p € C3°, (p,V) =1
W:=AU(p,-) = (—A+W)¥ =0, UeRange((—-A+ B —zl)")
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Resolvent from codimension-1 resolvent in 2D
Consider RO( )= (=A—2I)"tin L*(R?*), 2e€C\]|0,+o00);

R, ) = 1Bl — ylv/2) = —5-Inv/=2 = Iz — y| + O()

= (AN 1-9(, ) L2 (RY) - L2 (RY), /2 $dr =1
R

satisfies LAP on zero mean functions at z; = 0 (u, v > %, w+v>2)

= IfB: L* ,(R*) — L7, (R is A-compact and —A + B has no virtual
levels, then

(—A+B—z)"': L7, (R*) — L7, _,(R*)  satisfies LAP at z) = 0
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Example 3.
Recall: left shift L in ¢*(N) satisfies LAP relative to ¢*(N), (>*(N), {|z] > 1}

Let A= L+ e(ey, -); then (A—T)e; =0
Clearly, zy =1 is a virtual level [eigenvalue] of rank 1.
There is no projection P € %,y (¢'(N)) such that

(A—zI)"Y(I = P): (*(N) = (*(N)
would be uniformly bounded near zp =1 (so no limit as z — zj)
Similarly, there is no projection QQ € %,,(¢>*(N)) such that

(1 - Q)(A—=zI)™": ((N) = £(N)

would be uniformly bounded near zp =1 (so no limit as z — zj)
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