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Basic operator setup

Smooth bounded domain Q@ C R%, d > 2, a simply connected C1+1 inclusion Q_ C
at a positive distance from 90X :

Q
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Basic operator setup

Smooth bounded domain Q@ C R%, d > 2, a simply connected C1+1 inclusion Q_ C
at a positive distance from 90X :

r N
0,
Consider H = L2(024) & C and
= B Ouy
dom(A):{(u+) €H: uy € H*(Q4), utlr = ——1p, — =0
B V]| g s

(ulr is the trace, 1 is the unity function on I', and n4 is the exterior normal to 9%2).
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Basic operator setup

Smooth bounded domain Q@ C R%, d > 2, a simply connected C1+1 inclusion Q_ C
at a positive distance from 90X :

r N
0,
Consider H = L2(024) & C and
= B Ouy
dom(A):{(u+) €H: uy € H*(Q4), utlr = ——1p, — =0
B V]| g s

(ulr is the trace, 1 is the unity function on I', and n4 is the exterior normal to 9%2).

On dom(A), set —Aug

u

Vil Jr ony
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Basic operator setup: generalisation

0 differentiation, 7 € [—m,7), Or := 0 +ir

Kirill Cherednichenko Generalised resolvents



Basic operator setup: generalisation

0 differentiation, 7 € [—m,7), Or := 0 +ir

Problems of multiscale analysis of the behaviour of heterogeneous media with high
contrast lead to operators on (0,1) of the form

()
B)  \ —n"iDu+n=28 )’

where v >0, n€R, weC, |w| =1, and

Du := 9-u(0) — wdru(l).
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where v >0, n€R, weC, |w| =1, and
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The domain of A in L2(0,1) ® C is defined as

dom(A) = {(Z) € WZ(0,1) ®C: u(0) = wu(l) = nflg} .
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Basic operator setup: generalisation

0 differentiation, 7 € [—m,7), Or := 0 +ir

Problems of multiscale analysis of the behaviour of heterogeneous media with high
contrast lead to operators on (0,1) of the form

()
B)  \ —n"iDu+n=28 )’

where v >0, n€R, weC, |w| =1, and

Du := 9-u(0) — wdru(l).

The domain of A in L2(0,1) ® C is defined as

dom(A) = {(Z) € WZ(0,1) ®C: u(0) = wu(l) = nflg} .

The pair (u,ﬂ)—r describes the approximation of the solution to a second-order DE
with contrasting parameters in a “resonant" asymptotic regime: u and 8 correspond to
the leading-order behaviour on the “soft" (resonant) and “stiff" parts of the medium.
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Reformulation as generalised resolvent

A is the Neumark-Straus dilation ("out-of-space extension") for the solution operator
R(z) of
(2) —0f0-u—zu = f,

u(0) = wu(l), Du = (y — n22)u(0). )
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Reformulation as generalised resolvent

A is the Neumark-Straus dilation ("out-of-space extension") for the solution operator
R(z) of
(2) —0f0-u—zu = f,
u(0) =wu(l),  Du=(y—n>2)u(0).
Its action is the composition of the solution to

2(5) ()= ()

and the projection Pz onto H :=L2(0,1) ® {0}.

*)

On the abstract level, R(z) = P

H(A — ZI)_1|ET’
where H is identified with L2(0,1).
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Reformulation as generalised resolvent

A is the Neumark-Straus dilation ("out-of-space extension") for the solution operator
R(z) of
(2) —0f0-u—zu = f,
u(0) =wu(l),  Du=(y—n>2)u(0).
Its action is the composition of the solution to

2(5) ()= ()

and the projection Pz onto H :=L2(0,1) ® {0}.

*)

On the abstract level, _
R(Z) = PI_NI(A—ZI) 1!&,

where H is identified with L2(0,1).
R(z) is a generalised resolvent — Neumark (1940), Straus (1954).
In (*) the spectral parameter z is in equation and the boundary conditions:
Amaxu — zu = f, T'iu = B(2)Tou, u € W22(0,1),
0 Amax is generated by 930, on W?22(0,1)

° fo, Ty : W22(0,1) — C? satisfy
<Amaxu,v>L2<0’l> —(u, Amaxv>L2(O,l) = (T1u,Cov) e — (Tou, L10) s,

o —B(z) is an operator-valued R-function.
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Example: Homogenisation of graphs with contrast

3
Operator family {A%}c50 in @ @ L2(0,el;) generated by —a6?, with e-periodic
Z j=1

a®. Suppose a® = a; > 0 on edges e;, j = 1,2 and ag = 2.

"Fibre operator" AZ is generated by ¢ ~2af0%0-

T € [—m, m) "quasimomentum", 8; := 0 + it
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Example: Homogenisation of graphs with contrast

3
Operator family {A%}c50 in @ @ L2(0,el;) generated by —a6?, with e-periodic
Z j=1

a®. Suppose a® = a; > 0 on edges e;, j = 1,2 and ag = 2.

"Fibre operator" AZ is generated by ¢ ~2af0%0-

T € [—m, m) "quasimomentum", 8; := 0 + it

n=+h+ls, v=(ha; +lzaz')"(r/e)?,
w=-E/l&, & ==l tare ) — i tazeiT

dom (Af o) = {(u,8)T € W?2(0,12) ® C: w(0) = wu(l2) =7~ '8}

e (= (o
pom \8) =\ 1 (0,u(0) — wdru(la)) + 028
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Example: Homogenisation of graphs with contrast

3
Operator family {A%}c50 in @ @ L2(0,el;) generated by —a6?, with e-periodic
Z j=1

a®. Suppose a® = a; > 0 on edges e;, j = 1,2 and ag = 2.

"Fibre operator" AZ is generated by ¢ ~2af0%0-

T € [—m, m) "quasimomentum", 8; := 0 + it

n=+h+ls, v=(ha; +lzaz')"(r/e)?,
w=-E/l&, & ==l tare ) — i tazeiT

dom (Af o) = {(u,8)T € W?2(0,12) ® C: w(0) = wu(l2) =7~ '8}

. (u) _ —0%r0ru
hom | 3 —n~1(8-u(0) — woru(lz)) + 28
Denote H := ®3_, L*(0,1;). SIAP (2019):
||(A.75— - Z)_l - \I’*( ;;om - Z)_I\I]”H*)H = 0527
U H — L%(0,12) ® C is a partial isometry.



Boundary triple framework (finite deficiency indices)

Suppose that:

@ Amax is the adjoint to a densely defined symmetric operator A,,i, on a separable
Hilbert space H (“physical region space")

e I'g, 'y are linear mappings of dom(Amax) C H to a separable Hilbert space H
(“boundary space")
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Boundary triple framework (finite deficiency indices)

Suppose that:

@ Amax is the adjoint to a densely defined symmetric operator A,,i, on a separable
Hilbert space H (“physical region space")

e I'g, 'y are linear mappings of dom(Amax) C H to a separable Hilbert space H
(“boundary space")

A. (H,T0,T'1) is called a boundary triple for Amax (Ko€ubei, 1975, based on ideas of
M. Krein) if:

o Yu,v € dom(Amax) one has
<Amaxu7 U>H - <u7 Amaxv>H = <FIU7FOU>’H - <FOU7F1'U>’H
o dom(Amax) 3 u— (Tou,T'1u) € H & H is onto
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Boundary triple framework (finite deficiency indices)

Suppose that:

@ Amax is the adjoint to a densely defined symmetric operator A,,i, on a separable
Hilbert space H (“physical region space")

e I'g, 'y are linear mappings of dom(Amax) C H to a separable Hilbert space H
(“boundary space")

A. (H,T0,T'1) is called a boundary triple for Amax (Ko€ubei, 1975, based on ideas of
M. Krein) if:

o Yu,v € dom(Amax) one has
<Amaxu7 U>H - <u7 Amaxv>H = <FIU7FOU>’H - <FOU7F1'U>’H
o dom(Amax) 3 u— (Tou,T'1u) € H & H is onto

B. The operator-valued Herglotz function m = m(z), defined by
m(2)louz = T1uz, uz € ker(Amax —2), 2z € CL UC_,

is referred to as the M-function of the operator Amax with respect to (H,I'o,I'1).
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Boundary triple framework (finite deficiency indices)

Suppose that:

@ Amax is the adjoint to a densely defined symmetric operator A,,i, on a separable
Hilbert space H (“physical region space")

e I'g, 'y are linear mappings of dom(Amax) C H to a separable Hilbert space H
(“boundary space")

A. (H,T0,T'1) is called a boundary triple for Amax (Ko€ubei, 1975, based on ideas of
M. Krein) if:

o Yu,v € dom(Amax) one has
<Amaxu7 U>H - <u7 Amaxv>H = <FIU7FOU>’H - <FOU7F1'U>’H
o dom(Amax) 3 u— (Tou,T'1u) € H & H is onto

B. The operator-valued Herglotz function m = m(z), defined by
m(2)louz = T1uz, uz € ker(Amax —2), 2z € CL UC_,
is referred to as the M-function of the operator Amax with respect to (H,I'o,I'1).

C. An extension Ap (such that Anin C Ap C Amax) is called almost solvable if there
is a boundary triple (#,T0,T'1) for Amax and a bounded operator B on H such that

(u € dom(Ap) <= Tiu= Bl'gu) Vu € dom(Amax)
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Boundary triple for the prototype out-of-space extension

dom (Apmin) = {(g) € W2(0,1) ® C : u(0) = wu(l) =1~ '8, Du= 0} ,

dom (Amax) = { (g) € W2(0,1) ® C : u(0) = wu(l)}

Recall: Du = 0-u(0) — wdru(l)
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Boundary triple for the prototype out-of-space extension

dom (Apmin) = {(g) € W2(0,1) ® C : u(0) = wu(l) =1~ '8, Du= 0} ,
dom (Amax) = { (g) € W2(0,1) ® C : u(0) = wu(l)}

Recall: Du = 0-u(0) — wdru(l)

A. The triple (H,T0,T'1), where

u

H:=C, To (g) =Du, I} (g) = % — u(0), (ﬁ) € W2(0,1) ® C,

is a boundary triple for Amax-
B. The M-function of Amax with respect to (H,T0,T'1) is given by

sin \/zl _ 1
2k(R(e' @) — cosv/zl)  nPz—

m(z) = —
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2-component ("spectral") form of Pavlov’s dilation

Consider Apin C Aj C Amax : dom(4;) := {f € dom(Amax) : I'1f =il0f}.
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2-component ("spectral") form of Pavlov’s dilation

Consider Apin C Aj C Amax : dom(4;) := {f € dom(Amax) : I'1f =il0f}.

"Characteristic function" of 4; :  s(2) = (m(2) —i)(m(z) +i)~!, z € C4.
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2-component ("spectral") form of Pavlov’s dilation

Consider Apin C Aj C Amax : dom(4;) := {f € dom(Amax) : I'1f =il0f}.

"Characteristic function" of 4; :  s(2) = (m(2) —i)(m(z) +i)~!, z € C4.

@ The space 22 (1§
e (2 D)

is the completion of the linear set of functions (g, )T : R — C2 in the norm

@ "Incoming" and "outgoing" subspaces of §) :

»= (). v ()

o The orthogonal projection Py onto

Kszﬁe(D_®D+)={(§) esﬁ:g_eHE,g+eHi}

is given by , (5) (3 Prg-
K g g—P7g+ ’

where P are the orthogonal Riesz projections in L?(R) onto H% .

Kirill Cherednichenko Generalised resolvents



Naboko-type functional model for Neumark-Straus dilation

There is a self-adjoint operator A ("dilation" — Pavlov, 1975) in
L2(R_) ® H ® L%2(R4) and an isometry ® : L2(R_) & H ® L?(Ry) — $ such that

Py(A—z)" g = (4 —2)7 1, z€C_,
DA -2 =(—2)"1o,
by H =K,

and the following statement holds (Ryzhov, 2008 — inspired by Naboko, 1980):
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Naboko-type functional model for Neumark-Straus dilation

There is a self-adjoint operator A ("dilation" — Pavlov, 1975) in
L2(R_) ® H ® L%2(R4) and an isometry ® : L2(R_) & H ® L?(Ry) — $ such that

Py(A—z)" g = (4 —2)7 1, z€C_,
DA -2 =(—2)"1o,
OlpH =K,
and the following statement holds (Ryzhov, 2008 — inspired by Naboko, 1980):

@ IfzeC_nNp(Ag) and (§,9)" € K, then

_ —1 5% g — L g
®(Ao —21)~'® (g)fPK._z <g_(5<z)+1)19(z)>'

Q IfzeCynp(A) and (g,9)7 € K, then

®(Ag — 2I)"1@* (g) — P (§* (s(2) +gl)‘1g+(2)) .

Here, g+ (z) are the values at z of the analytic continuations of
g =g+s59g€ H? andgy :==sg+g¢c H_Q,_ into the corresponding half-plane.

v
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Clarke measure associated with m and spectral model on R

Define p1 to be the Nevanlinna representation of the Herglotz function —m~! :

1 n o
A—0c 1402

—m() = o+ [ ( )dw)

where Cp,C7 € C.
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Clarke measure associated with m and spectral model on R

Define p1 to be the Nevanlinna representation of the Herglotz function —m~! :

1 n o
A—0c 1402

—m() = o+ [ ( )du(d)

where Cp,C7 € C.

A. H is isometric to Ly (R, mdy). This isometry is the composition of (Kiselev,
Naboko, 2006)

1
H>vw— *ﬁFO(Ai - ')_1U =g+ € Ks := H-29- @,EH?_

and the embedding of Ks into Lo (R, TI'd,LL). The latter is realised by taking the
boundary values on the real line of functions in K, which exist p-a.e.

B. Under the above isometry, (Ag — z) ™!
by (- —2)~ 1 in Ly(R, wdu).

is unitarily equivalent to the multiplication

A
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Clarke measure associated with m and spectral model on R

Define p1 to be the Nevanlinna representation of the Herglotz function —m~! :

1 n o
A—0c 1402

—m() = o+ [ ( )du(d)

where Cp,C7 € C.

A. H is isometric to Ly (R, mdy). This isometry is the composition of (Kiselev,
Naboko, 2006)

1
H>vw— *ﬁFO(Ai - ')_1U =g+ € Ks := H-QF @SHi

and the embedding of Ks into Lo (R, TI'd,LL). The latter is realised by taking the
boundary values on the real line of functions in K, which exist p-a.e.

1

B. Under the above isometry, (Ao — z)~* is unitarily equivalent to the multiplication

by (- —2)~ 1 in Ly(R, wdu).

wis a "Clark measure" (Clark, 1972)

Clark measures were introduced in the context of the shift operator, with further
function-theoretic insight by Alexandrov (1993)
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Application to high-contrast homogenisation

(4 is a counting measure with masses at A = \; solving

sin /Al sy .
cos /Aj1— (12N — «,)27\//\7] =R("w), j=12,... (**)
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Application to high-contrast homogenisation

(4 is a counting measure with masses at A = \; solving

sin y/Ajl ;
cos /Al — () —7)27\/5 :%(e”lw), j=12,... (**)
j
2(°X; —v)?
n({r}) = . - )
— + 21 A — t /AL
LR v by v LS 7) cot \/Aj:
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Application to high-contrast homogenisation

(4 is a counting measure with masses at A = \; solving

sin /Al sy .
cos /Aj1— (12N — «,)27\//\7] =R("w), j=12,... (**)

2(n?X; —7)?

o7 l
24 — 420+ 2X; — ) cot /A1
Uy \//\7(” 5 =)ot /A
When a1 = a3z = a, l1 =13 = (1 — l2)/2, the equation (**) takes a more compact
form:

2 .
a T sin y/\jlo .
cos«/)\jlgf{(17l2))\j71_l2 (E) }27\/>\7;:‘COST|7 i=12,...

n({A)) =
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Application to high-contrast homogenisation

(4 is a counting measure with masses at A = \; solving

sin \/ ;1 ;
cos /Ajl— (PXj — 7)27\/; = ?R(e”'lw), j=12,... (**)
J
2(n*\j —7)?
n({As}) = P 1 :
n2+ — + 20+ (m*Xj — ) cot /A1

Aj VA
When a1 = a3z = a, l1 =13 = (1 — l2)/2, the equation (**) takes a more compact
form:

2 .
a T sin y/\jlo .
cos«/)\jlgf{(17l2))\j71_l2 (E) }27\/>\7;:‘COST|7 i=12,...

A corollary is a "spectral" representation for the generalised resolvent (in the form of
an explicit pseudodifferential operator)

gom(z) = ,P('Agom - Z)_l |L2(O,l2)

for which A]_ " is the Neumark-Straus dilation.
Here P is the natural orthogonal projection of L2(0,12) & C onto L2(0,l2).
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