Hardy inequalities for magnetic p-Laplacians
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The p-Laplacian —A,

e Thecase p=2: —A,=-A= E] 1 dI
—Apu = —div(|Vu[P72Vu), p> 1.
The associated L?(R9) quadratic form h, of —A,, is given by
:/ VulP dx, Yu € D(h,) := WHP(RY). (1)
R4

and the sesquilinear form: for v € D(hy),v € D(hy)

hp(u,v) == (= Apu, v) r2(ra) = / (—Apu) v dx

Rd

= / |VulP2Vu - VT dx.
R4



Some facts/definitions

@ —A, is a non-negative operator if
—A, >0 = hplu] >0, Yue D(hy);.

@ —A, is a subcritical operator  :<= —A,, satisfies a

Hardy-type inequality,
i.e. there exists V € LL (R%), V >0, V # 0, such that
—Ay- > V|- |P72., in the sense of L? quadratic forms:

hyplu] 2/ ViulP dx, Yu e WHP(RY).
Rd

e Otherwise, —A,, is a critical operator (i.e. there is NO Hardy
inequality for —Ap).



(Free) LP-Hardy inequality

G. H. Hardy et. al. 1952, Cambridge Univ. Press.:
Let d >2and 1 <p<d. If u € WHP(RY) then u/|z| € LP(R?)
and it satisfies

|ul? d—p\”
/Rd |V’U,|p dX Z Mp7d /Rd W dX, 'LLp7d = T . (2)

Moreover, the constant i, 4 is optimal in the sense that (2) does
not hold with any bigger constant.



Criticality versus sub-criticality of —A,

e p < d= —A, is sub-critical (by Hardy Inequality): with
V(x) = ppa/lz?, ie.

_ Ap' Z Mp.d 7|x’p (3)

ep>d= —A,is critical:

Proposition

Letp>d. IfV € LIOC(Rd) is a non-negative potential such that

/ |VulP dx > / ViulP dx, Yu e CZ(RY), (4)
R4 R4

then V =0 a.e. in R%,

P

op<d=H:=-A, Mp,d' {w‘p ? (Obviously H > 0).



. _2- . - -
H:=-A,— up‘d|||;—|p is critical for p < d:

Proposition

Let1<p<d IfV e Llloc(Rd) is a non-negative potential such
that

|ul

P
/ |VulP dx — Hp,d/ T x> ViulP dx, Yu € CZ(RY),
Rd R4 Rd

|z

then V =0 a.e. in R%,

(5)

v




The magnetic p-Laplacian

Consider a smooth magnetic potential A : R* — R?¢ The magnetic
p-Laplacian is formally defined on C2°(R?) by

Aapu = diva(|V aulP~2V 4u), (6)
where the magnetic gradient and magnetic divergence are given by
Vau:=Vu+iA(x)u; divaF :=divFE +iA-F, (7)

for any smooth vector field F' : R¢ — C¢.
e Of course, if A =0then Ay, =A,,



The associated form hy ), of the magnetic p-Laplacian A4,

For all u € D(hay) := C’OO(Rd)H |

hoaplu] = /R |Vl dx = /R |V Al dx,

where the norm || - || with respect to which the closure is taken is
given by

el := ¢/haplu) + ol -

e We extend the notions of subcriticality/criticality also to —A 4 .



e The magnetic field (2 diff. form):

B : R? — R4 smooth, dB =0, i.e. 3 A with dA = B,
(Bij = Aja, — Aiay)
e The choice of A does not matter too much...

If A, A:R* 5 Rest. dA=dA = B then there exists a scalar
field ¢ : R® — R such that A — A = d¢. It is easy to see that

D(hap) =D(hy,) and hay[t] =hy [ve], Vi € C(RY).
(8)
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The diamagnetic inequality/Kato's inequality

e Diamagnetic inequality:
\Vau(z)] > |V|u|(z)] ae xR Yue Dhay). (9)

Then

/ IV aul? dxz/ VulP dx
Rd Rd

e So, all the inequalities valid for the standard p-Laplacian transfer
to the magnetic p-Laplacian.

e BUT can we improve them 7
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Theorem (C.-Krejcirik-Lam-Laptev 2024)

Let p > d and B be a smooth and closed magnetic field with
B # 0. Then there exists a constant Cg;, q > 0 such that for any
magnetic potential A with dA = B we have

/d |V aulP dx > C’B7p,d/dp(x)|u|p dx, Yu € D(hap), (10)
R R

where
1

|log [P + ||P~=7)”

P g

ep>d= —Ay, is sub-critical (=4, is critical) !
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Previously known results (the case p = d = 2)

e B #0, with p(x) = m in [C.-Krejcirik 2016]

@ B # 0, under the additional condition ﬁ Jg2 *B dx & Z where
*B := B it was proved with p(z) = ﬁ in [Laptev-Weidl,
1998].

@ B # 0 + compactly supported + unbounded p, done in
[Cassano-Franceschi-Krejcirik-Prandi, 2023]

e For Aharonov-Bohm type A(x) = 9 ( - ) Crza1) it was

[2]) Tzl

shown with p(x) = 1/|z|? also in [Laptev-Weidl, 1998].
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Skecth of proof fRd VaulP dx > C [pa p(x)|ul? dx,
p(2) = GET R
Step 1 If p > d then for all u € CZ°(B3(0))

_ p p
Br(0) P/ RBPCIB(0) || (10% \%)

Step 2 If p # d then

/ |VulP dx >
%(0)

Step 3 If p = d then Yu € C°(B ]% 0))

d d
/ |Vau|? dx > ( > i — 5 &
%0 |:U|d log‘ |>

[uf?

d—rpl|” o[ e
‘ o [P dx, Vue CX(B%(0)).
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Skecth of proof of [, |Vaul? dx > C [, p()|ul? dx,
o 1
A(T) ‘= e L

Letd > 2 and 1 < p < co. Assume also that B # 0 and let A be
such that B = dA. Let R > 1 be fixed and consider the annular
domain Qp := Br(0) \ B% (0). Then we define

fQ [(V +iA)ulP dx

R) = inf . 11
pB(R) uewl,,}?QR%u#O Joop lulP dx (11)

Then pp # 0 on (1,00).

PROOF = Steps 1-3 + Lemma + diamagnetic inequality + a
localization argument.
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|p—2.

What about the sub-criticality of Ha := ~A 4, — iy o
when p <d?

Theorem (C-Krejcirik-Lam-Laptev 2024)

Let 2 < p < d and B be a smooth and closed magnetic field with
B # 0. Then there exists a constant c¢(p) > 0 such that for any
vector field A with dA = B we have

d—p |P
[V s [ x> o) [ [Oatulel T fair=td
R EQ e

X7
(12)
The constant ¢(p) in (12) is explicitly given by
p
2 +82+25+1]2 -1
c(p):=  inf LR ]p P% e 0,1] (13)
(s,t)€R2\{(0,0)} [t2 + s2]2

e The optimal value of the constant ¢(p) is an interesting open
problem.
e Thecase 1 < p < 2 remains open.



Main results
00000@00000

Keypoint in the proof:

Vaul? — Gy (Vau 2 W (ula] 7))

= |Vulf - C, (Vw 2|7V (“ |$|%)> '

where C, (o, 8) = lalP —Ja—BIP —pla— ﬁ’pizRe(Q_ B) B
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Theorem (C.-Krejcirik-Lam-Laptev 2024)

Let 2 < p < d and B be a smooth and closed magnetic field with
B # 0. Then there exists a constant Cp ;4 > 0 such that for any
vector field A with dA = B we have

/]Rd |V aulP—pp g / ; : dx > Cppd /Rd p(x)|ulP dx, Yue D(h
(14)

)

=

where
1

2P (1 + [log [2IP")

p(x) =

[P—2.

0 2<p<d= Hpa=—-Ayp— Np,dl o is sub-critical
(—A, — “Pvd‘.l%\_j. is critical !)
@ This improves our previous result in [C.-Krejcirik, 2016, Thm.

1.1] from L? to the LP setting by obtaining also an
unbounded weight p.
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Aharonov-Bohm potentials

2, _.Tl)

Ag(z) = 5 o B ER, (15)

Theorem (C.-Krejcirik-Lam-Laptev 2024)

Letd=2,1<p<2andlet Ag be given by (15). If 3 & 7Z, then

there exists a constant

As(p) > <2_p>p

p
such that
p
/ [V 4,ulP dx > /\B(p)/ ul® dx, Vuec CX(R?). (16)
R2 R? |z[P

v

e The case p = 2: \(2) = dist(8,Z)? [Laptev-Weidl, 1998]
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e Open problem: \g(p) =7

Sketch of proof of (16).

2
[ 10,u + iBulf dp
0

A(B,p) = (17)

O e
ue P(0,27),u(0)=u(27 T
J lul” de
0

Then we have A (8,p) > 0 if 5 ¢ Z.

e Open problem: A\ (3,p) =7
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% 0o 27 P . 9 L %
/‘VAU‘p dx _ // aru‘2+|‘pu+27"8u‘] d(pTdT
T
2 0 0
dpu + iful?
:’Wum i
T
D
12
P _q. 2’\3TUI2 i M
2 2 r »
2
2
5 ||19pu + iBul” ||
— PP = v e
= o + | 2L |
2
2—p\? 2 P !
tasdy+ (10) 2 | (22) +a 03| | [ 145 ax
p S—— ) |£C’

>0
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Some other recent developments on magnetic inequalities:
[Aermark, PhD Thesis Stockholm 2014],
[Fanelli-Krejcirik-Laptev-Vega 2020], [Lam-Lu, 2023], [Lu-Yang,
2024], [Fanelli-Kovarik], etc..
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