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Laplacians and Schrddinger operators

Consider Laplacian (unperturbed/free Schrédinger operator)
Ho = —A: L3(R®) — L3(R®), dom Hy = H?(R3).

Ho selfadjoint in L2(R3) and o(Ho) = oc(Ho) = oess(Ho) = [0, o0)

Next consider Schrddinger operator
H=—-A+V:L[3R% - [3(R®), domH = H?R3),

where V ¢ L2(R3) real potential.

H is selfadjoint in L2(R®), semibounded from below, and

o(H) N (—o0,0) discrete, o.(H) = gess(H) = [0, 0)

@ extends to L2(R") if V € LS(R") for s > max {n/2,2}
@ More assumptions on V = more/better properties of o(H)
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The classical Birman-Schwinger principle (1961)

For Ay < 0 solve the eigenvalue problem

Hf = \of, H=-A+V.
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@ dimker (H — \g) = dimker (T, + 1) and more...
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Ty = V'/2(—A — X)7"|V|"/2 integral operator, kernel known
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Applications of the Birman-Schwinger principle
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Ty = V'/2(—A — X)7"|V|"/2 integral operator, kernel known

Theorem [Simon’76] "Weak coupling”

fV:R—R, V#0,and [p(1+|x?)V(x)dx < oo, then

H,=-A+aV, acR, dom H,, = H?(R),

self-adjoint in L2(R), oess(Ha) = [0, 00), and for a < 0

oo(Ha) N (=00,0) £ 0 /RV(x)dx > 0.

.

J. Behrndt The generalized Birman-Schwinger principle
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Applications of the Birman-Schwinger principle
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Applications of the Birman-Schwinger principle

Ty = V'/2(—A — X)7"|V|"/2 integral operator, kernel known

Theorem [Simon’76] "Weak coupling”
fV:R—R, V#0,and [p(1+|x?)V(x)dx < oo, then

H,=-A+aV, acR, dom H,, = H?(R),

self-adjoint in L2(R), oess(Ha) = [0, 00), and for a < 0

oo(Ha) N (=00,0) £ 0 /RV(x)dx > 0.

In particular, if V(x) > 0then op(Ha) N (—00,0) # 0, a < 0.

@ Similar result for n = 2;
@ Effect does not appear for n > 3;
@ Weak coupling for complex potentials [Weber'24]
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Applications of the Birman-Schwinger principle

Theorem [Thirring 1981]

H=-% + Vwith V e L5R), s € [1,00], real:
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Applications of the Birman-Schwinger principle

Theorem [Thirring 1981]

H=-% + Vwith V e L5R), s € [1,00], real:

2(s—1)
o < 0 eigenvalue of H = Ao > —2 % (=H) = |17
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Applications of the Birman-Schwinger principle

Theorem [Thirring 1981]

H=-% + Vwith V e L5R), s € [1,00], real:

2 2(s—1) _2s
Xo < 0 eigenvalue of H = X > —27 27 (1) =7 |g|| 2

Theorem [Abramov, Aslanyan, Davies 2001]

H=—-% + Vwith V e L'(R) N L%(R) complex:
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Theorem [Frank 2011]

V.
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Applications of the Birman-Schwinger principle
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Theorem [Frank 2011]

H=—A+ V with V e L"+3/2(R3) complex, 0 < v < 1/2:
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Applications of the Birman-Schwinger principle

Theorem [Thirring 1981]
H=-% + Vwith V e L5R), s € [1,00], real:

2s-1) 25
o < 0 eigenvalue of H = Ao > —2 % (51) % X HqHES !

Theorem [Abramov, Aslanyan, Davies 2001]

H=—-% + Vwith V e L'(R) N L%(R) complex:

Ao € C\ [0,00) eigenvalue of H = |Ag] < — ||V||L1

v

Theorem [Frank 2011]

H=—A+ V with V e L"+3/2(R3) complex, 0 < v < 1/2:

Ao € C\[0, 00) eigenvalue of H = [X\o|” < [)7/ V(X)) +3/2dx
R3

V.
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Applications of the Birman-Schwinger principle

Theorem [B., Schmitz, Trunk 2018]
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Applications of the Birman-Schwinger principle

Theorem [B., Schmitz, Trunk 2018]

H = sgn(—Z; + V) with V € L'(R) real:
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Applications of the Birman-Schwinger principle

Theorem [B., Schmitz, Trunk 2018]

H = sgn(—Z; + V) with V € L'(R) real:

Ao € C\ R eigenvalue of H = |Xo| < || V|3,
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Applications of the Birman-Schwinger principle

Theorem [B., Schmitz, Trunk 2018]

H = sgn(—Z; + V) with V € L'(R) real:

Ao € C\ R eigenvalue of H = |Xo| < || V|3,

Theorem [Cuenin, lbrogimov 2021]

H = sgn (—;’722 + V) with V € L'(R) real:

Ao € C\ R eigenvalue of H = v2|)\o| < /]Ao| + [Re Xol|| V||,
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Hy closed operator in H with p(Hp) #
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An abstract Birman-Schwinger principle

Hy closed operator in H with p(Hp) # 0, consider

H:H0+V2*V1
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An abstract Birman-Schwinger principle

Hy closed operator in H with p(Hp) # 0, consider

H=Hy+ V5V;, Vi, Vo:H — K (may be unbounded),
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An abstract Birman-Schwinger principle
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An abstract Birman-Schwinger principle
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V; closed, dom Hy c dom V; V4, ran Vo = K
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An abstract Birman-Schwinger principle

Hy closed operator in H with p(Hp) # 0, consider

H=Hy+ V5V;, Vi, Vo:H — K (may be unbounded),

Vi closed, dom Hy C dom V; V, ran Vo = IC, dom V, = H.

Theorem [Konno, Kuroda '66]
Let H= Hy + V5 V4 and A\ € p(Hp).

v
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An abstract Birman-Schwinger principle

Hy closed operator in H with p(Hp) # 0, consider
H=Hy+ V5V;, Vi, Vo:H — K (may be unbounded),

Vi closed, dom Hy C dom V; V, ran Vo = IC, dom V, = H.

Theorem [Konno, Kuroda '66]
Let H= Hy + V5 V4 and A\ € p(Hp).
(i) If Ao € op(H) and f, eigenfunction then

—1 € op(Vs(Ho — Xo)~'V5) and V4fy eigenfunction.

(ii)

v
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An abstract Birman-Schwinger principle

Hy closed operator in H with p(Hp) # 0, consider
H=Hy+ V5V;, Vi, Vo:H — K (may be unbounded),

Vi closed, dom Hy C dom V; V, ran Vo = IC, dom V, = H.

Theorem [Konno, Kuroda '66]
Let H= Hy + V5 V4 and A\ € p(Hp).
(i) If Ao € op(H) and f, eigenfunction then

—1 € op(Vs(Ho — Xo)~'V5) and V4fy eigenfunction.

(i) If =1 € ap(Vi(Ho — Xo) ™' V5) and g eigenfunction
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An abstract Birman-Schwinger principle

Hy closed operator in H with p(Hp) # 0, consider
H=Hy+ V5V;, Vi, Vo:H — K (may be unbounded),

Vi closed, dom Hy C dom V; V, ran Vo = IC, dom V, = H.

Theorem [Konno, Kuroda '66]
Let H= Hy + V5 V4 and A\ € p(Hp).
(i) If Ao € op(H) and f, eigenfunction then

—1 € op(Vs(Ho — Xo)~'V5) and V4fy eigenfunction.

(i) If =1 € ap(Vi(Ho — Xo)~"V;) and g eigenfunction then

Xo € op(H) and fy = (Ho — M)~ V3o eigenfunction.

v
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Proof of (i)
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Proof of (i)

Claim: If \y € 0p(H) and fy eigenfunction then

—1 € op(Vs(Ho — Xo)'V5) and V4fy eigenfunction.
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Proof of (i)

Claim: If \y € 0p(H) and fy eigenfunction then

—1 € op(Vs(Ho — Xo)'V5) and V4fy eigenfunction.

By assumption Hfy = (Hp + V2* Vi) fy = Aoty
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Proof of (i)

Claim: If \y € 0p(H) and fy eigenfunction then

—1 € op(Vs(Ho — Xo)'V5) and V4fy eigenfunction.

By assumption Hfy = (Ho + V5 V4)fy = Aoy and hence

Vi Vify = —(Ho — Mo)fo.
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Proof of (i)

Claim: If \y € 0p(H) and fy eigenfunction then

—1 € op(Vs(Ho — Xo)'V5) and V4fy eigenfunction.

By assumption Hfy = (Ho + V5 V4)fy = Aoy and hence
V5 Vifo = —(Ho — Xo)fo.
This implies

(V1(H0 — )\0)_1 Vs + 1)V1 fo=Vi(Hy — )\0)_1 V5 Vify + Vify
=-Vifo + Vify
=0
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Proof of (i)

Claim: If \y € 0p(H) and fy eigenfunction then

—1 € op(Vs(Ho — Xo)'V5) and V4fy eigenfunction.

By assumption Hfy = (Ho + V5 V4)fy = Aoy and hence
V5 Vifo = —(Ho — Xo)fo.
This implies

(V1(H0 — )\0)_1 Vs + 1)V1 fo=Vi(Hy — )\0)_1 V5 Vify + Vify
=-Vifo + Vify
=0

and V4 fy # 0 as otherwise Ao € op(Hp).
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Proof of (ii)

J. Behrndt The generalized Bir Schwinger principle



Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.
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Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.

By assumption g + V4 (Ho — Ao) ™' Vspo = 0
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Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.

By assumption g + Vi (Ho — Xo) ™' Vo = 0 and hence

(H = Xo)fo = (Ho — Ao)fo + V3 Vi
= (Ho — Xo)(Ho — M) " V5po + V5 Vi (Ho — o) ™' V5o
= V3o + V3 Vi(Ho — Xo) ™ Va0
= V3 (po + Vi(Ho — Xo) ™' V3 0)
=0
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Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.

By assumption g + Vi (Ho — Xo) ™' Vo = 0 and hence
(H — )\o)fo = (HO — )\o)fo + VQ* Vify
= (Ho — Xo)(Ho — Ao) ™" V5o + V5 Vi(Ho — Ao) ™" V3o
= V3o + V3 Vi(Ho — Ao) ™" Vao
= V3 (po + Vi(Ho — Xo) ™' V3 0)
=0

and fp #0
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Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.

By assumption g + Vi (Ho — Xo) ™' Vo = 0 and hence
(H — )\o)fo = (HO — )\o)fo + VQ* Vify
= (Ho — Xo)(Ho — Ao) ™" V5o + V5 Vi(Ho — Ao) ™" V3o
= V3o + V3 Vi(Ho — Ao) ™" Vao
= V3 (po + Vi(Ho — Xo) ™' V3 0)
=0

and fy # 0 as otherwise g € ker V3
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Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.

By assumption g + Vi (Ho — Xo) ™' Vo = 0 and hence
(H — )\o)fo = (HO — )\o)fo + VQ* Vify
= (Ho — Xo)(Ho — Ao) ™" V5o + V5 Vi(Ho — Ao) ™" V3o
= V3o + V3 Vi(Ho — Ao) ™" Vao
= V3 (po + Vi(Ho — Xo) ™' V3 0)
=0

and fy # 0 as otherwise ¢ € ker V; = (ran V,)*
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Proof of (ii)

Claim: If —1 € op(V4(Ho — Ao)~' V) and ¢, eigenfunction then

Xo € op(H) and fy = (Ho — Xo) ™' V3o eigenfunction.

By assumption g + Vi (Ho — Xo) ™' Vo = 0 and hence
(H — )\o)fo = (HO — )\o)fo + VQ* Vify
= (Ho — Xo)(Ho — Ao) ™" V5o + V5 Vi(Ho — Ao) ™" V3o
= V3o + V3 Vi(Ho — Ao) ™" Vao
= V3 (po + Vi(Ho — Xo) ™' V3 0)
=0

and fy # 0 as otherwise ¢ € ker V; = (ran V,)* = {0}.
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Birman-Schwinger principle incomplete
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Birman-Schwinger principle incomplete

Theorem [Konno, Kuroda '66]
Let H=Hy + V2* Vi and \g € p(Hp).
(i) If A\g € op(H) and fy eigenfunction then

—1 € op(Vi(Ho — Xo)~'V3) and V4fy eigenfunction.

(ii) If =1 € op(Vi(Ho — Ao)~ ' V) and g eigenfunction then

Xo € op(H) and fy = (Ho — M) ' V3o eigenfunction.
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Birman-Schwinger principle incomplete

Theorem [Konno, Kuroda '66]
Let H=Hy + V2* Vi and \g € p(Hp).
(i) If A\g € op(H) and fy eigenfunction then

—1 € op(Vi(Hy —)\0)*1 V) and Vify eigenfunction.

(ii) If =1 € op(Vi(Ho — Ao)~ ' V) and g eigenfunction then

Xo € op(H) and fy = (Ho — M) ' V3o eigenfunction.

4

Something is missing!

For non-selfadjoint operators one has to distinguish geometric
and algebraic eigenspace for \g € op(H)
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Birman-Schwinger principle incomplete

Theorem [Konno, Kuroda '66]
Let H=Hy + V2* Vi and \g € p(Hp).
(i) If A\g € op(H) and fy eigenfunction then

—1 € op(Vi(Hy —)\0)*1 V) and Vify eigenfunction.

(ii) If =1 € op(Vi(Ho — Ao)~ ' V) and g eigenfunction then

Xo € op(H) and fy = (Ho — M) ' V3o eigenfunction.

4

Something is missing!

For non-selfadjoint operators one has to distinguish geometric
and algebraic eigenspace for \g € op(H):

ker(H = Xo) and [ ker (H — Xo)"
K
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Birman-Schwinger principle incomplete

Theorem [Konno, Kuroda '66]
Let H=Hy + V2* Vi and \g € p(Hp).
(i) If A\g € op(H) and fy eigenfunction then

—1 € op(Vi(Hy —)\0)*1 V) and Vify eigenfunction.
(ii) If =1 € op(Vi(Ho — Ao)~ ' V) and g eigenfunction then

Xo € op(H) and fy = (Ho — M) ' V3o eigenfunction.

4

Something is missing!

For non-selfadjoint operators one has to distinguish geometric
and algebraic eigenspace for \g € op(H):

ker(H = Xo) and [ ker (H — Xo)"
K

.

PROBLEM: BS-principle for generalized ev’s in ker (H — \o)¥



PART Il

The Birman-Schwinger principle
for generalized eigenvectors (Jordan chains)
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Jordan chains of functions and operators
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]
M operator function defined on Q@ ¢ C and dom M(\) =D
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Jordan chains of functions and operators

Definition [Keldysh °51, Markus’88]
M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢q,...,pk} CD
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1 .
ZﬁM(’)(Ao)cpj,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)
M(\) = H — X operator function on C
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)
M(\) = H — X operator function on C, dom M(\) = dom H
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)

M(\) = H — X operator function on C, dom M(\) = dom H.
Then M'(\) = —/and M"(\) = M"(\)=...=0
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)

M(\) = H — X operator function on C, dom M(\) = dom H.
Then M'(\) = —/and M"(\) = M"(\) = ... = 0, and hence

J=0:(H—2Xo)po=0
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)

M(\) = H — X operator function on C, dom M(\) = dom H.
Then M'(\) = —/and M"(\) = M"(\) = ... = 0, and hence

J=0:(H=X0o)po=0, j=1:(H-X)p1=o
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)

M(\) = H — X operator function on C, dom M(\) = dom H.
Then M'(\) = —/and M"(\) = M"(\) = ... = 0, and hence

J=0:(H=X0o)po=0, j=1:(H-X)p1=o
J=2: (H—Xo)p2 = v
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Jordan chains of functions and operators

Definition [Keldysh '51, Markus’88]

M operator function defined on Q  C and dom M(\) = D. If
@ A\ — M()\)p is (strongly) holomorphic for all ¢ € D on €,
@ the vectors {¢og, ..., px} C D satisfy oo # 0 and

J

1, .
ZﬂMW(AO)@,,,- =0 forall j=0,..., Kk,
i=0

then {po, ... ¢k} form Jordan chain for M at A\ € Q.

Example (Jordan chain of operator)

M(\) = H — X operator function on C, dom M(\) = dom H.
Then M'(\) = —/and M"(\) = M"(\) = ... = 0, and hence

J=0:(H=X0o)po=0, j=1:(H-X)p1=o
J=2:(H=20)p2=1 .. j=m: (H=2o)om = pm-1
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Let Hy and H = Hy + V' V4 as above, and A\ € p(Hp)
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Let Hp and H = Hp + V; V; as above, and A\ € p(Hp). Then

o If {fy,...,fx} Jordan chain for H at Ao then {Vify, ..., Vif}
Jordan chain at \q for

A Vi(Ho = N)'V5 41, X e p(Ho). (1)
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Let Hp and H = Hp + V; V; as above, and A\ € p(Hp). Then

o If {fy,...,fx} Jordan chain for H at Ao then {Vify, ..., Vif}
Jordan chain at \q for

A Vi(Ho = N)'V5 41, X e p(Ho). (1)

@ If {0, ..., vk} Jordan chain for the function (1) at A then
{fo,..., fx} Jordan chain of H at Ao with Vify = o
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Let Hp and H = Hp + V; V; as above, and A\ € p(Hp). Then

o If {fy,...,fx} Jordan chain for H at Ao then {Vify, ..., Vif}
Jordan chain at \q for

A Vi(Ho = N)'V5 41, X e p(Ho). (1)

@ If {0, ..., vk} Jordan chain for the function (1) at A then
{fo, ..., fx} Jordan chain of H at A\ with V;f; = ¢om, where

fo=—(Ho — Xo0)~ V50
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Let Hp and H = Hp + V; V; as above, and A\ € p(Hp). Then

o If {fy,...,fx} Jordan chain for H at Ao then {Vify, ..., Vif}
Jordan chain at \q for

A Vi(Ho = N)'V5 41, X e p(Ho). (1)

@ If {0, ..., vk} Jordan chain for the function (1) at A then
{fo, ..., fx} Jordan chain of H at A\ with V;f; = ¢om, where

fo=—(Ho — Xo0)~ V50

andform=1,... k

fm = —(Ho—X0)™" <m 1= Vs Z Vi(Ho — o) " V3 om_
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Corollary: The special case k =0
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Corollary: The special case k =0

Let Hp and H = Hp + V' V4 as above, and A\ € p(Hp). Then

@ If {f,} Jordan chain for H at A\ then {V;fy} Jordan chain at
Ao for

A Vi(Ho—A)"'V5 +1, X e p(Ho), 2)
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Corollary: The special case k =0

Let Hp and H = Hp + V' V4 as above, and A\ € p(Hp). Then

@ If {f,} Jordan chain for H at A\ then {V;fy} Jordan chain at
Ao for

A Vi(Ho—A)"'V5 +1, X e p(Ho), 2)

that is,
Vify € ker (V1(H0 = )\0)_1 Vs +1)
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Corollary: The special case k =0

Let Hp and H = Hp + V' V4 as above, and A\ € p(Hp). Then

@ If {f,} Jordan chain for H at A\ then {V;fy} Jordan chain at
Ao for

A Vi(Ho—A)"'V5 +1, X e p(Ho), 2)

that is,
Vify € ker (V1(H0 = )\0)_1 Vs +1)

@ If {po} Jordan chain for the function (2) at Ao then {fy},
where
fo = —(Ho — 20) " V30

is a Jordan chain of H at A\g with Vify = ¢g
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Corollary: The special case k =0

Let Hp and H = Hp + V' V4 as above, and A\ € p(Hp). Then

@ If {f,} Jordan chain for H at A\ then {V;fy} Jordan chain at
Ao for

A Vi(Ho—A)"'V5 +1, X e p(Ho), 2)

that is,
Vify € ker (V1(H0 = )\0)_1 Vs +1)

@ If {po} Jordan chain for the function (2) at Ao then {fy},
where
fo = —(Ho — 20) " V30

is a Jordan chain of H at \y with V;fy = ¢, that is,

fo € ker (H — Xo).
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Corollary: The special case k =0

Let Hp and H = Hp + V' V4 as above, and A\ € p(Hp). Then

@ If {f,} Jordan chain for H at A\ then {V;fy} Jordan chain at
Ao for

A Vi(Ho—A)"'V5 +1, X e p(Ho), 2)

that is,
Vify € ker (V1(H0 = )\0)_1 Vs +1)

@ If {po} Jordan chain for the function (2) at Ao then {fy},
where
fo = —(Ho — 20) " V30

is a Jordan chain of H at \y with V;fy = ¢, that is,

fo € ker (H — Xo).

...this is the classical theorem by Konno and Kuroda
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@ Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities
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Remarks

@ Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities. In his language:

Ao € p(Hp) eigenvalue of H iff Ay eigenvalue of finite type of

A Vi(Ho = N)""V5 +1, X e p(Ho). (3)
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Remarks

@ Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities. In his language:

Theorem
Ao € p(Hp) eigenvalue of H iff Ay eigenvalue of finite type of

A Vi(Ho = N)""V5 +1, X e p(Ho). (3)

The geometric (resp. algebraic) multiplicity of Ay as an
eigenvalue of H coincides with the geometric (resp. algebraic)
multiplicity of Ay as an eigenvalue of (3).
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Remarks

@ Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities. In his language:

Theorem
Ao € p(Hp) eigenvalue of H iff Ay eigenvalue of finite type of

A Vi(Ho = N)""V5 +1, X e p(Ho). (3)

The geometric (resp. algebraic) multiplicity of Ay as an
eigenvalue of H coincides with the geometric (resp. algebraic)
multiplicity of Ay as an eigenvalue of (3).

@ Gesztesy Holden Nichols '15, Frank ’18
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Remarks

@ Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities. In his language:

Theorem
Ao € p(Hp) eigenvalue of H iff Ay eigenvalue of finite type of

A Vi(Ho = N)""V5 +1, X e p(Ho). (3)

The geometric (resp. algebraic) multiplicity of Ay as an
eigenvalue of H coincides with the geometric (resp. algebraic)
multiplicity of Ay as an eigenvalue of (3).

@ Gesztesy Holden Nichols '15, Frank ’18
@ Gohberg Sigal ’71
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Remarks

@ Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities. In his language:

Theorem
Ao € p(Hp) eigenvalue of H iff Ay eigenvalue of finite type of

A Vi(Ho = N)""V5 +1, X e p(Ho). (3)

The geometric (resp. algebraic) multiplicity of Ay as an
eigenvalue of H coincides with the geometric (resp. algebraic)
multiplicity of Ay as an eigenvalue of (3).

@ Gesztesy Holden Nichols '15, Frank ’18
@ Gohberg Sigal ’71
@ Abstract version for operators in Krein spaces by Derkach
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PART IV

Robin realisations of elliptic PDO’s
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Robin realisation of 2nd order elliptic PDO’s

Q C R" bounded Lipschitz domain with boundary C
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Robin realisation of 2nd order elliptic PDO’s

Q c R™ bounded Lipschitz domain with boundary C,

Z OkCriO) + Z CkOk — Z Ikbk + Co

k,I=1

with complex L*°-coefficients
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Robin realisation of 2nd order elliptic PDO’s

Q c R™ bounded Lipschitz domain with boundary C,

Z OkCriO) + Z CkOk — Z Ikbk + Co

k,I=1

with complex L>-coefficients, assume Re > cx(x)ék) > pléf?
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Robin realisation of 2nd order elliptic PDO’s

Q c R™ bounded Lipschitz domain with boundary C,

Z OkCriO) + Z CkOk — Z Ikbk + Co

k,I=1

with complex L>-coefficients, assume Re > cx(x)ék) > pléf?
Definition

For B: H'/2(C) — H~"/2(C) define Robin realisation in L2(Q)

Agf = Af, domAg = {fe H'(Q): Af € L3(Q), 0,f|c = Bf|c}
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Robin realisation of 2nd order elliptic PDO’s

Q c R™ bounded Lipschitz domain with boundary C,

n n n
A=— Z Ok Cx0) + Z CkOk — Z Oxbk + Co
K,I=1 k=1 k=1

with complex L>-coefficients, assume Re 3" cx(x)ék& > pléf2.
Definition

For B: H'/2(C) — H~"/2(C) define Robin realisation in L2(Q)

Agf = Af, domAg = {fe H'(Q): Af € L3(Q), 0,f|c = Bf|c}

More precisely, Ag is the m-sectorial operator associated to

n n n
alf.gl=>" / (0119 +> / A E / bk fOrg+ / cofg— / Bfg,
k,1=179 k=17 k=17 Q@ ¢
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Robin realisation of 2nd order elliptic PDO’s

Q c R™ bounded Lipschitz domain with boundary C,

n n n
A=— Z Ok Cx0) + Z CkOk — Z Oxbk + Co
K,I=1 k=1 k=1

with complex L>-coefficients, assume Re 3" cx(x)ék& > pléf2.
Definition

For B: H'/2(C) — H~"/2(C) define Robin realisation in L2(Q)

Agf = Af, domAg = {fe H'(Q): Af € L3(Q), 0,f|c = Bf|c}

More precisely, Ag is the m-sectorial operator associated to

n n n
alf.gl=>" / (0119 +> / A E / bk fOrg+ / cofg— / Bfg,
k,1=179 k=17 k=17 Q@ ¢

which is closed and sectorial with doma = H'(Q).
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Dirichlet-to-Neumann map
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Dirichlet-to-Neumann map

Consider Dirichlet realization

Apf = Af, domAp = {fe H'(Q): Af € L3(Q), f|c = 0},
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Dirichlet-to-Neumann map

Consider Dirichlet realization
Apf = Af, domAp = {fe H'(Q): Af € L3(Q), f|c = 0},

which is an m-sectorial operator in L2(Q).
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Dirichlet-to-Neumann map

Consider Dirichlet realization
Apf = Af, domAp = {fe H'(Q): Af € L3(Q), f|c = 0},
which is an m-sectorial operator in L2(Q).

For ¢ € H'/2(C) and X € p(Ap) there exists unique f, € H'(Q)
such that
(.A — )\)f)\ =0 and f)\’(; = .
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Dirichlet-to-Neumann map

Consider Dirichlet realization
Apf = Af, domAp = {fe H'(Q): Af € L3(Q), f|c = 0},
which is an m-sectorial operator in L2(Q).

For ¢ € H'/2(C) and X € p(Ap) there exists unique f, € H'(Q)
such that
(.A — )\)f)\ =0 and f)\’(; = .

Definition

For A € p(Ap) define Dirichlet-to-Neumann map by

D(\) : HY2(C) - H7Y2(C),  D(\)p = d,he.
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Dirichlet-to-Neumann map

Consider Dirichlet realization
Apf = Af, domAp = {fe H'(Q): Af € L3(Q), f|c = 0},
which is an m-sectorial operator in L2(Q).

For ¢ € H'/2(C) and X € p(Ap) there exists unique f, € H'(Q)
such that
(.A — )\)f)\ =0 and f)\’(; = .

Definition

For A € p(Ap) define Dirichlet-to-Neumann map by

D(\) : HY2(C) - H7Y2(C),  D(\)p = d,he.

Recall A — D(\) holomorphic operator function on p(Ap).
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Jordan chains and the Birman-Schwinger principle
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Jordan chains and the Birman-Schwinger principle

Let Ag Robin realisation of A in L2(Q) and )\ € p(Ap).
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Jordan chains and the Birman-Schwinger principle

Let Ag Robin realisation of A in L2(Q) and )\ € p(Ap).

o If {fy,..., fx} Jordan chain for Ag at A\g then {fy|c, ..., fk|c}
Jordan chain at \q for

A — D(\) — B, A € p(Ap). (4)
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Jordan chains and the Birman-Schwinger principle

Let Ag Robin realisation of A in L2(Q) and )\ € p(Ap).

o If {fy,..., fx} Jordan chain for Ag at A\g then {fy|c, ..., fk|c}
Jordan chain at \q for

A — D(\) — B, A € p(Ap). (4)

@ If {po,..., vk} Jordan chain for the function (4) at A\ then
{fy, ..., fx} Jordan chain for Ag at \g
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Jordan chains and the Birman-Schwinger principle

Let Ag Robin realisation of A in L2(Q) and )\ € p(Ap).

o If {fy,..., fx} Jordan chain for Ag at A\g then {fy|c, ..., fk|c}
Jordan chain at \q for

A — D(\) — B, A € p(Ap). (4)

@ If {po,..., vk} Jordan chain for the function (4) at A\ then
{fy,..., fc} Jordan chain for Ag at A, where f,, € H'(Q)
unique solution of

(A - >\O)fm = fm—1; fm|C = Pm

and f_4 =0.
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The special case k = 0
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The special case k = 0
Corollary

Let Ag Robin realisation of A in Ly(Q2) and Ay € p(Ap).
@ If fy eigenvector of Ag at )\ then

D(Xo)folc = Bfyle

and fo|c # 0.

.
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The special case k = 0

Corollary
Let Ag Robin realisation of A in Ly(Q2) and Ay € p(Ap).
@ If fy eigenvector of Ag at )\ then

D(Xo)folc = Bfyle

and fo|c # 0.

@ If D(Ao)po = Byo and ¢q # 0 then unique solution
fo € H'(Q) of

(A—=Xo)fo =0, fole = o,

is an eigenvector of Ag at ).

A
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Thank you for your attention
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